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Abstract. An Eo-semigroup is called q-pure if it is a CP-flow and its set of flow subordinates is 
totally ordered by subordination. The range rank of a positive boundary weight map is the dimension 
of the range of its dual map. Let be a separable Hilbcrt space. We describe all g-purc Eo-semigroups 
of type IIq which arise from boundary weight maps with range rank one over .S. We also prove that 
no q-pure Eo-semigroups of type IIq arise from boundary weight maps with range rank two over ^. 
In the case when A is finite-dimensional, we provide a criterion to determine if two boundary weight 
maps of range rank one over ^ give rise to cocycle conjugate q-pure Eo-semigroups. 



1. Introduction 

Let *B(Jo) be algebra of all bounded operators on a separable Hilbert space ^j. A CP-semigroup a — 
{at} acting on *8(i3) is a continuous one-parameter semigroup of contractive completely positive maps 
which is continuous in the point-strong operator topology. When at is in addition an endomorphism 
for every t > 0, then a is called an E-semigroup, and if furthermore at unital, then a is an Eo- 
semigroup. We recommend the monograph by Arveson [2] as an excellent introduction to the theory 
of Eo-semigroups, and we will make use of its terminology in the remainder. 

Given a and /? two CP-semigroups acting on we say that /3 is a subordinate of a if at — Pt 

is a completely positive map for all i > 0. Given an Eo-semigroup a, let 6(a) be the set of all its 
CP-semigroup subordinates, endowed with the partial order given by subordination. Let also 
be the subset of all E-semigroup subordinates of a. Both partially ordered sets are easily seen to be 
cocycle conjugacy invariants of a. The set (5(a) was first studied by Bhat [3], who characterized it 
completely in the type I case, with the help of the quantum stochastic calculus in the sense of Hudson- 
Parthasaraty [7]. Liebscher [11] has further described an alternative presentation for £(a) in terms of 
subproduct systems arising from certain measure types with partial order given by absolute continuity. 

We would like to improve our understanding of the class of Eo-semigroups a such that 6 (a) is as 
small as possible. When a is an Eo-semigroup and additionally it is a CP-flow, then we will call it 
g-pure if and only if its set of CP-flow subordinates is totally ordered by subordination. See Section |4] 
for a detailed discussion. It seems to us that g-pure Eo-semigroups will become important objects in 
the classification theory of Eo-semigroups. 

The class of g-pure Eo-semigroups was first studied by Powers [13]. Recall that Powers [15] has 
proven that any spatial Eo-semigroup can be constructed (up to cocycle conjugacy) by choosing an 
appropriate g-weight map over a separable Hilbert space ^. A g-weight map over .ft is a boundary 
weight map from the predual of *B(.ft) to certain weights on a (non-closed) *-subalgebra 2l(io) C 
%{^® L^(0,oo)) satisfying the g-positivity conditions. Powers [M] completely described the g-weight 
maps over ^ — <C which give rise to g-pure Eo-semigroups. Later Jankowski [5] analyzed a class of Eo- 
semigroups of type IIo arising from boundary weight doubles (0, v) where where 4> ■ Mn{C) — M„(C) is 
a g-positive linear map and ly is an unbounded boundary weight over L^(0, oo). Jankowski characterized 
those boundary weight doubles giving rise to g-pure Eo-semigroups when the map (f) either is invertible 
or has rank one and in addition v has the particular form viT) — (/, (J — A)~-'^/^T(J — A)"-'^/^/) where 
A e B(L^(0,oo)) is the muhiplication operator by e""", T e 2l(io) and / e L^(0,cx3). 
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In this paper we generalize the resuhs of Powers [Tl] and Jankowski 8 to the class £ of all Eq- 
semigroups of type IIq arising from g- weight maps with range rank one over a separable Hilbert space A. 
The range rank of a g-weight map ut : -> 2t(i3)* is defined to be the dimension of the range of the 

dual map (see Definition 12.121 and the discussion preceding it for the details). In particular, the class 
£ contains all g-weights considered earlier by Powers [T4^ as well as those considered by Jankowski [8] 
with (p rank one. In fact, we obtain an effective description of all g-weight maps in the class £ which 
are g-pure (see Theorem 1 5. 7p . We also prove that if J? is finite-dimensional, then a g-corner between 
unbounded range rank one (/-weight maps must have range rank one (see Theorem 15.81) . And we 
describe one criterion to determine if a g-corner exists (see Theorem 1 5. 14p between g-pure boundary 
weight maps of range rank one over R finite-dimensional. The latter results form an important first 
step for the classification theory of g-pure Eo-semigroups. See Section [SJ 

We also show that if a g-weight map over a separable Hilbert space K has range rank two, then it 
cannot give rise to an Eg-semigroup of type IIq that is g-pure fCorollarv l6.4p . In fact, when dim .ft = 2, 
we prove further that a g-weight map can only give rise to a g-pure Eo-semigroup of type IIq if it has 
range rank 1 or 4. This generalizes a result of Jankowski j9j. This comprises Section [6l which is the 
last section of the article. 

We describe the remaining sections of the paper. In Section 2 we review the basic terminology and 
results necessary for the paper. In Section |3] we introduce the concept of boundary expectations, which 
has proved useful and convenient for the analysis of certain properties of g-weight maps with range 
rank one or two. 



In this article, we will consider only Hilbert spaces that are separable unless stated otherwise. We 
will also denote the inner product of the Hilbert space by (•, •) and it will be taken to be conjugate 
linear in the first entry. 

2.1. Eo-semigroups and CP-flows. 

Definition 2.1. Let be a separable Hilbert space. We say a family a = {at}t>Q of normal completely 
positive contractions of S(jo) into itself is a CP-semigroup acting on S(jo) if: 

(i) as o at — as+t for all s, t > and ao{A) — A for all A £ S(Jo); 

(ii) For each f,g G Sj and A g S(Jo), the inner product {f,at{A)g) is continuous in t; 

If at (J) = / for all t > 0, then a is called a unital CP-semigroup. When a is a unital CP-semigroup 
and in addition the map at is an endomorphism for every t > 0, then a is called an Eo-semigroup. 

We have two notions of equivalence for _Bo-semigroups: 

Definition 2.2. An i?o-semigroup a acting on S(i3i) is conjugate to an Eo-semigroup /3 acting on 
S(Jo2) if there exists a ^-isomorphism 9 from S(joi) onto ^(^02) such that 9 oat = /3t°9 for all t > 0. 

A strongly continuous family of contractions W — {Wt}t>o acting on is called a contractive 
/3-cocycle if WtPt{Ws) = Wt+s for all t,s >Q. A contractive /3-cocycle Wt is said to be a local cocycle 
if for all A G «B(^)2) and t > 0, Wtl3t{A) = (3tiA)Wt. 

We say a and f3 are cocycle conjugate if there exists a unitary /3-cocycle {VKt}t>o such that the 
Eo-semigroup acting on ^(^02) given by PtiA) — Wtl3t{A)Wt for aU A £ *B(i32) and i > is conjugate 
to a. 

Let .ft be a separable Hilbert space. We will always denote by {St}t>o the right shift semigroup on 
.ft(8) L^(0, 00) (which we identify with the space of .ft- valued measurable functions on (0, 00) which are 
square integrable): 



We will also denote by E{t, 00) = StS^ for all t > 0, and E{t, s) = E{t, 00) - E{s, 00) for aU < i < 
s < 00. 

Definition 2.3. A CP-semigroup a acting on ^{K^ L^{0, 00)) is called a CP-flow over J? if at{A)St = 
StA for all A e ^(J? (g) L^{0, 00)) and t > 0. 



2. Preliminaries 




x>t\ 
X <t. 
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A dilation of a unital CP-semigroup a acting on 58 (^) is a pair (a'^, W), where a'^ is an Eo-semigroup 
acting on *B(i^) and : ^ — > is an isometry such that af{WW*) > WW* for t > and furthermore 

atiA) = W*af(WAW*)W 

for all A e *B(^) and t > 0. The dilation is said to be minimal if the span of the vectors 

a'}^{WAiW*)al{WA2W*) ■ ■ ■ a'}jWAnW*)Wf 

for f G K, Ai G 58 (^), i — 1, . . .n,n G N is dense in j^. This definition of minimality is due to Arveson 
(see [2] for a detailed discussion regarding dilations of CP-semigroups). We will often suppress the 
isometry W, and refer to a minimal dilation a'^ instead of (a'^, W). 

Theorem 2.4 (Bhat's dilation theorem). Every unital CP-semigroup has a minimal dilation which is 
unique up to conjugacy. 

The following addendum by Powers (Lemma 4.50 of [15]) further clarifies the situation for CP-flows. 

Theorem 2.5. Every unital CP- flow a has a minimal dilation a'^ which is also a CP- flow. We call 
a'^ the minimal flow dilation of the unital CP- flow. 

Given two CP-flows a and (3 over we will say that a dominates l3 or that /3 is a subordinate 
of a if for all t > 0, the map at — Pt is completely positive. We will often denote this relationship 
by ck > /3. Powers [15] has described a useful criterion for determining whether two CP-flows have 
minimal dilations that are cocycle conjugate in terms of the next definition. 

Definition 2.6. Let a and (3 be CP-flows over .^i and respectively. For j — 1,2, let S)j — 
(g) L^(0, oo) and let S'p^ denote the right shift on ^jj. Let 7 = {7* : t > 0} be a family of maps from 
53(532, -^i) into itself and define for each t > 0, 7^* : ^{^i,Sj2) ^ ^(^1,^)2) by 7t*(C) = ht{C*)]* for 
all C G ^{Sji, SJ2). We say that 7 is a flow corner from a to /3 if the maps 



'A B 




'at{A) 


lt{B) 


C D 




lt{C) 


Pt{D)_ 



define a CP-flow 9 = {9* : t > 0} over J?i © J?2 with respect to the shift 5"^^^^ ® S^^\ Note that 7 is a 
flow corner from a to /3 if and only if 7* is a flow corner from (3 to a. 

A flow corner 7 is called a hyper-maximal flow corner if every subordinate CP-flow 9' of 9 of the 
form 



'A B 






lt{B) 


C D 









for t > must satisfy a[ = at and (3f — j3t for alH > 0. 

Theorem 2.7. Suppose a and (3 are unital CP-flows over and ^2 o,nd a'^ and P'^ are their minimal 
dilations to Eq- semigroups. Suppose ^ is a hyper maximal flow corner from a to (3. Then a'^ and (3'^ 
are cocycle conjugate. Conversely, if a'^ is a type IIq and a'^ and (3'^ are cocycle conjugate, then there 
is a hyper maximal flow corner from a to (3. 

2.2. Boundary weight maps. For the remainder of this section, let .ft be a fixed separable Hilbert 
space (not necessarily infinite-dimensional) and let = ^(E) L^{0, 00). 
Define A : «B(i^) ^ *8(iD) by 

iA{A)f){x) = e-^Afix) 

and let 2l(io) be the algebra 

a(i3) - [/ - A(/rO]^»(i3)[/ - A(/^)]i 

Definition 2.8. We say that a linear functional /i : 21(^5) ^ C is a boundary weight, denoted /i G 
2t(i5)*, if the functional £ defined on *8(io) by 

i{A) = - A{l^)]iA[I - A(/,0]3) 

is a normal bounded linear functional. The boundary weight is called bounded if there exists C > 
such that |Ai(r)| < C||r|| for all T G 2t(io). Gtherwise, ^ is called unbounded. 
A linear map from *B(.ft)* to 21(^3)* will be called a boundary weight map. 
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Boundary weights were first defined in [TS] (Definition 4.16), where their relationship to CP-flows 
was explored in depth. For an additional discussion of boundary weights and their properties, we refer 
the reader to Definition 1.10 of [12 and its subsequent remarks. 

Given a normal map (j) : %{S)) we will denote by (j) : — > the predual map 

satisfying p{(t>{A)) = {ij)(p)){A) for all A e S(^) and p e Q3(ii)*. 

Define F : *B(i3) — ^ *B(.^) by the weak* integral 



oo 

-i 1 



(1) T{A) = / e-*StASldt. 

Jo 

The following records facts that are implicit in the proof of Theorem 4.17 in Powers [15] (for a proof, 
see Proposition 2.11 of [10]): 

Proposition 2.9. Let p <5 2l(Jo)* he a boundary weight. We have that for all T € 2l(fj), 

p{T) = lim p(E{x, oo)TE{x, oo)) . 

In particular p = p' if and only if for all x > and T G E(x, oo)58(io)i?(a;, oo), we have that p{T) = 
p'{T). Furthermore, given a; > and T G E{x,(X))^{^)E{x,oo), 

12) piT)^ ^Y{p)(T-e--ySy-.TS;^, 

y^x+ y — X \ " 

If a is a CP-fiow over ^, we define its resolvent by the weak* integral 

/>oo 

(3) Ra{A) = / e^*at(A)dt 



defined for A e *B(io). Powers [15] proved that there exists a completely positive boundary weight 
map uj : *B(.S), 2l(.^)* such that 

(4) Ra{v)^'r{co{Av)+v) 

and u){p){I — A(/j^)) < p{Isi) for all p e S(.S)» positive. Such a boundary weight map is uniquely 
determined by (UJ) in combination with Proposition 12. 9[ and in fact for all p E *B(.S)*, a; > and 
T G E{x,oo)^{Sj)E{x,oo), 

(5) uj{p)iT) = lim ^{R„ - f)(r7)(T - e^-y Sy^,TS;_,), 

where rj € *8(io)* is any normal functional such that p = A{ri). Such a functional exists since A is 
isometric hence A is onto. 

The map w is called the boundary weight map associated to a. 

The following result, which is a compilation of Theorems 4.17, 4.23, and 4.27 of [IS], describes the 
converse relationship between boundary weight maps and CP-flows. 

Theorem 2.10. Let lo : *B(.S)* — > 21(^5), he a completely positive map satisfying uj(p){I — A{Iji)) < 
p{Ia) for all positive p. Let {St\t>o be the right shift semigroup acting on f). For each t > 0, define 
the truncated boundary weight map uj\t : *B(.S)* — > *8(io), by 

uj\tip)iA) ^ ujip){Eit,^)AE{t,oo)) 
If for every t > 0, the map {I + Awjt) is invertible and furthermore the map 

(6) TTt := u;\t{I + AcoUr' 

is a completely positive contraction from *B(.^)* into *8(io)», then lo is the boundary weight map as- 
sociated to a CP-flow over A. The CP-flow is unital if and only if Lj{p){I — A{I^)) = p{Isi) for all 

<B(i?),. 

Definition 2.11. Let w : *B(.S)» — ^ 2l(.Q), be a completely positive boundary weight map satisfying 
uj{p){I — A(/^)) < p{Ifi) for all positive p. If for every < > the map itt as defined in the statement of 
Theorem 12. 101 exists and it is a completely positive contraction, then uj is called a q-weight map over 
K. In that case, the family irf (for i > 0) of completely positive normal contractions from *8(io) to 
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*B(.S) is called the generalized boundary representation associated to w, or alternatively to the CP-flow 
associated to lu. For every t > 0, we have 

(7) io\t^Ml-^^t)-^- 

We say a g- weight map u is unital if it induces a unital CP-flow. By Theorem I2.10| uj is unital if and 
only if uj{p){I - A{I,^)) = p{I,^) for aU p € 

We will say that a q-weight lu : *B(.S)* — > 21(55), is bounded if for every p e *B(.S)» the linear 
functional extends to a cr-weakly continuous linear functional on *B(55). 

We note that, in order to check that nf is a completely positive contraction for all t > 0, it suffices 
to check for small t in the sense that if irf is a completely positive contraction for some s > 0, then 
for alH > s, nf is automatically a completely positive contraction. 

If LU : *8(.S)* — > 2l(io), is a completely positive boundary weight map, then we have a well-defined 
completely positive map uj : 03 (.ft), — ^ 03 (io)* given by 

ti(p)(.4) =t^(p)((/- A)5A(/- A)3)) Vpe Q3(j?),,VAe <8(io). 

By an argument analogous to the proof of continuity of positive linear functionals C*algebras, the 
positivity of ili implies that it is bounded. 

Since ui : *B(.ft), S(io), is a bounded linear map, it induces a normal dual map lu' : *B(io) *8(.ft) 
satisfying 

pioj'iA))^Lu{p)iA) VAe»(io). 

Observe that lu' is completely positive since uj has that property. 

Since the map *B(.5) 21(55) given by A n- (/ — A)2A(/ — A)2 is one-to-one and onto, there is a 
unique linear map lu : 2l(5o) — > 58(.ft) satisfying 

(8) Lu{{I - A)iA{I - A)i) =u;'{A) VA e 53(55). 

Definition 2.12. Let lu : *B(.ft), -> 21(55), be a completely positive boundary weight map. We define 
the dualized boundary weight map uj : 21(55) *B(.ft) to be the unique map satisfying equation ([8]) or, 
alternatively, 

piLu{B)) = uj{p){B) V/9 e «8(J?),,VB e 2t(^). 
Similarly, for every i > 0, there exists a unique normal map w|t : 03(55) — *B(.ft) such that 

p{uj\,{A))=Lu\,{p){A) 

for every p e *B(i?), and A e S(55) or, alternatively, ii|t(A) = uj[E{t,(X))AE{t, oo)) for alH > and 
^£03(55). 

We will say that a g-weight map uj : *8(.ft), — >■ 2l(.5), has /imte ran^e rank if Range(w) C *8(.ft) is 
finite-dimensional. In this case, we will say that the range rank of uj is the dimension of Range(ct'). Of 
course, if dim .ft < oo, then uj automatically has finite range rank. 

In the next result proven by Powers |15] we recall the criterion for subordination in terms of the 
generalized boundary representation. 

Theorem 2.13. Let a and /3 be CP-flows acting on 03(55) with generalized boundary representations 
nf and ^f, respectively. Then a> (3 if and only if irf — £,f is completely positive for allt>0. Also if 
T^f ^ /o*^ some s > 0, then nf > for all t > s, so one only has to check for a sequence (in)neN 
tending to zero. 

We can deduce from Theorem 12.131 that there is a bijective correspondence between CP-flows and 
g-weight maps: Let a and /3 be CP-fiows, with associated q-weight maps uu and rj and generalized 
boundary representations {Trf'loo and {£,f}t>o, respectively. By Theorem 12.131 a — f3 ii and only if 
nf — for every t > 0. By equations ([6]) and this holds if and only if Lu\t ~ ri\t for all t > 0. By 
Proposition 12.91 we have Lu\t — ?y|t for all t > if and only ii lu ~ rj. Therefore, a — /3 ii and only if 
LU = rj. 

The index of the Eg-semigroup induced by a CP-fiow turns out to be the rank of an associated map 
which is called its normal spine: 
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Theorem 2.14. Let a be a CP-flow over ^ with generalized boundary representation nf. Then for 
every A e Ut>o5'f*B(i3)5j*, we have that TTf{A) converges a-strongly to an element denoted by TTf{A). 
Furthermore, this map extends uniquely to a map tt^ : — >■ called the normal spine of a, 

which is a a-weakly continuous completely positive contraction. The index of a'^ is equal to the rank 
of TTjf as a completely positive map. 

We note that in the particular case when a is a CP-flow which induces an Eo-semigroup type Ilg, 
then it follows that its normal spine tt^ — 0. 

2.3. Generalized Schur maps. Recall that a map (j) : Af„(C) — > M„(C) is said to be a Schur map 
if there exists a matrix Q = [qij] £ Mn{C) such that 

In this section we review the concept and notation associated with generalized Schur maps introduced 
in [lOj . and which will be used in the remainder of the paper. 

For each i = 1, 2, . . . , n, let Ai and Sji be Hilbert spaces, and let M. = 0"^i ^ and S) — 0"^^ iOi. Let 
for i = 1, . . . , n, Vi : ^ ^ A and Wi : S)i ^ S) he the canonical isometrics. Given operators A £ *8(.ft) 
and B e *B(i3), and for j = 1, 2, . . . , n given operators X £ Q3(ilj, il^), Z £ ^{Sjj,F)i), we define 

A,j = V*AVj £ X'^ = V^XV* £ ^{R) 

= W*BWj £ <B(i3,,io.) Z'^ = W,ZW* £ ^{^) 

In particular, 

Given a subalgebra 21 of and for each i,j = 1, 2, . . . , n, let 21^^ = W*^Wj. Suppose that for 

ah i, j = 1,2, . . . ,n, 

(9) WMijW* C 21. 

Given a linear map </> : 21 — > *B(.S), for each i,j = l,2,...,n we define the linear map (f>ij : 2lij — > 
given by 

We say that </> is a generalized Schur map with respect to the decompositions 0"^]^ ^ and 0"^]^ ^Ji if 
for all A G 21, 

[HA)],, 

In particular, if is a generalized Schur map and if X G then 

Hx^^) ^ {<i>,,{xT. 

A similar definition applies to maps from *8(.R), to the algebraic dual 21'. If p G and 77 G 21', 

we define for each i,j = 1,2,. the linear functionals G *B(.Sj , ^0' ^^"^ '7ij ^ given by 

for all X G *B(ilj, jlj) and Z £ 21^. For each G <B(i?j , ilj)', we define /i'-' G *8(.S)' given by 

ls}^[A)^ii[M,). 

Given a map * : <B(j?)» ^ 21' and i, j = 1, 2, . . . , n, we define : ^{Kj , il^)' 21'^ by 

We say that ^ : *B(.^)* — )■ 2t' is a generalized Schur map with respect to the decompositions 0iLi 
and -Li if 

We observe that if is a generalized Schur map and p £ *B(.S),, then ^([py ]*-') = . 
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2.4. Powers weights and boundary weight doubles. For a moment, let us examine the case when 
w is a g-weight map over C. Then lj is determined by its value wi := w(l), and it induces a CP-flow 
a over C if and only uji is a positive boundary weight and — A) < 1- In that case, the CP-flow a 
is unital if and only if — A) = 1, and therefore dilates to an i?o-semigroup a'*. 

Since all the key properties of uj are determined by the single boundary weight loi in the special case 
^ = C, we will write uj instead o/wi. 

Results from [TS] show that a'* is of type I if loi is bounded and of type IIq if wi is unbounded. This 
leads to the following definition. 

Definition 2.15. A boundary weight v € 2t(L^(0, oo))* is called a Powers weight if v is positive and 
^{I — A) = 1. We say that a Powers weight v is type I if it is bounded and type II if it is unbounded. 

If 1/ is a Powers weight, then it has the form: 

k 

u({I-k)-^A{I-kY^)=Y,{f,,Ah) 

i=i 

for some mutually orthogonal nonzero L^-functions {fi\\^i (fc e N U {oo}) with = 1- We 

note that if is a type II Powers weight, then for the weights vt defined by vt [A) — v{E{t, oo) AE{t, oo)) 
for A G B{L^{0, oo)) and t > 0, both i^t{I) and t't(A) approach infinity as t — 0-I-. 

In |14| . Powers defined g-corners and hyper-maximal g-corners, and determined necessary and suffi- 
cient conditions for cocycle conjugacy between Eg-semigroups arising from type II Powers weights. In 
the following, we will generalize several of the definitions and results obtained in [Tlj, such as Definition 
3.11 and Theorems 3.9, 3.10 and 3.14. 

2.5. Comparison theory for g-weight maps. Suppose that lu : S(.S)* 21(jo)* is a g-weight map 
which induces a CP-fiow a with generalized boundary representation nf . It will important to describe 
the subordinates of a in terms of uj. 

Definition 2.16. A g-weight map 77 with associated generalized boundary representation (^f is called 
a q-subordinate of uj if for alH > we have < nf. We will denote this relation by rj <q uj. 

In view of Theorem l2.13l it is clear that (/-subordination of g- weight maps is equivalent to subordi- 
nation for the associated CP-fiows. We will also make use of the following fact. 

Proposition 2.17. Letuj : S(.^)* 2t(io)* be a q-weight map and let rj be a q-subordinate ofuj. Then 
for all positive p G *B(.ft)* and positive T G 2l(i3), 

(10) u(p){T) > rj{p){T). 

Furthermore, if uj{p)(I — A) = r](p){I — A) for all p G *B(.S)*, then uj = rj. 

Proof. Let irf and S^f be the generalized boundary representations for oj and 77 respectively. By 
Theorem l2.131 we have that for all t > 0, irf — S^f is completely positive. Therefore, 

00 00 
ioU - nt ^(AttO" > it = 

n=0 ri=0 

for alH > (the series converge, at every positive functional p in the sense of weights). The inequality 
is in the completely positive sense. Therefore, we have that for all T G 2l(.$3) positive, and for all 
p G «B(J?)*, by Proposition [m 

coip){T) - ij{p){T) - ^hm ..|,(p)(T) - v\t{p)iT) > 0. 

Thus we have that a; > 77 (in the positive sense). Therefore, we have that uj — fj is positive as a map 
from *B(.S)* to S(Jo)*, or alternatively, uj{p) — "fjip) is a positive normal functional for all positive 
p G *B(J^)*. Now notice that for aU p G *B(i?)*, 

ujip)il) = u{p)il - A) = r7(p)(/ - A) = f,ip)il). 

Therefore, it follows that for every positive p G *8(.S)*, uj{p) — f]{p). Now by considering linear 
combinations, w = 77, hence uj — rj. □ 
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Now suppose that Ui is a unital g- weight map for i = 1,2, so induces a unital CP-flow a^. By 
Theorem 12.41 Ui has a minimal dilation to an i?o-semigroup af which is unique up to conjugacy. A 
fundamental question to ask is whether af and 03 are cocycle conjugate. Theorem 12.71 gives us a 
partial answer in terms of flow corners from ai to a2- In this section, we translate this description in 
terms of boundary weight maps. We will use the following notation. If .S^ is a separable Hilbert space 
and S)i — -^^(0, 00) for i = 1,2, then we denote by 2l(i0i,f)j) the vector space 

Let A — M.i(BA2 and = i^i ®^2- We define *8(.Sj, .S^)* to be the closed subspace of Q3(.Rj, .S^)' given 

by 

and similarly we define the vector space 

For the sake of clarity, we will frequently write generalized Schur maps in matrix form. For example, 
if /O e *B(.fti ® ^2)' , so p — : write it as 

Pu Pl2^ 
P2I P22^ 

and if cj is a boundary weight map over .^1 © M.2 which is also a generalized Schur map, we denote it 

by 

t^ii(/Oii) c^uipuT 

t^2l(/02l) ^^22(^22) 



uj{p) 

or write uj in the more abbreviated form 



UJ21 W22 



Definition 2.18. For i = 1,2, let .Si be a separable Hilbert space, and let S)i — A; L^(0, 00). 
Suppose fi : *8(.fti)* — and ij : ^{^2)* — >■ 2l(io2)* are g-weight maps. We say that a map £ 
from *B(.S2,-^i)* > 2l(io2,^i)* is a q-corner from /x to 7? if w : © J^2)* — > 2t(i5i ® .^2)* defined 

by 

^ ^(^12)' 



-(^^nP^/) ;(;22)j vpe^(^,ei.2), 

is a g- weight map over © .^2- We say £ is a hyper-maximal q-corner from p to r/ if, whenever 

,')>,o, 

we have p — p' and rj ~ rj' . 

The following result has a straightforward proof using the techniques of generalized Schur maps 
introduced in |10j . which we omit. 

Theorem 2.19. Suppose a and /3 are unital CP-flows over and K2 with boundary weight maps 
p and ri, respectively. If there is a hyper-maximal q-corner from p to rj, then a"^ and fS"^ are cocycle 
conjugate. Conversely, if a'^ is a type IIq E^-semigroup and a'^ and f3'^ are cocycle conjugate, then 
there is a hypermaximal q-corner from p to rj. 

3. Boundary expectations 

Definition 3.1. Let a; be a g-weight map over a separable Hilbert space ^. We will say that a 
map L : *B(.S) *B(.ft) is a boundary expectation corresponding to uj (or alternatively the CP-flow it 
induces) if it satisfies the following properties: 

(i) L is completely positive; 

(ii) L o UJ = w; 

(iii) Range(L) = Range(w); 

(iv) £2 = L and ||L|1 = 1. 
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We note that we do not know if a boundary expectation always exists, but in general even when 
one exists it need not be unique. However, as we establish in the following, a boundary expectation 
always exists when w is a g-weight map with finite range rank whose normal spine is zero. 

Let A he a separable Hilbert space. Recall that the relative BW-topology on the set £(*B(.S)) = 
{(j) ■ ^{A) — > *B(.S) : II0II < 1} is determined by requiring that a net converges to if and only if 
for all X e *B(.ft) and p € *B(.^)*, we have p{(j)x{x)) — )■ p{(j){x)). Furthermore, £(^B(.ft)) is compact in 
the relative BW-topology (see [I: for details). 

Theorem 3.2. Let A be a separable Hilbert space. Let uj be a non-zero q-weight map over R with 
finite range rank, and let {Ilf}tyo be the corresponding generalized boundary representation. Let us 
consider {Ilf o A)t>o as a net with respect to the directed J — (0, oo) directed by t s if and only if 
t > s. If = 0, then the net {nf o A)t^j in £(*8(.ft)) has at least one cluster point L in the relative 
BW-topology, and every such cluster point is a boundary expectation for uj . 

Proof. Since uf o A is a completely positive contraction of 03 (il) for each < > 0, we have that the net is 
inside the set £(*8(.ft)) which is compact in the relative BW-topology. Therefore, there exists a subnet 
o A which converges to a map L in the BW-topology. We now show that L has properties (i) 
through (iv) of Definition 13. II Property (i) follows trivially from the fact that the space of completely 
positive maps in £(*B(.S)) is closed in the BW-topology. 
Let s > 0. We claim that 

(11) lim ||(/ + w|f o A)"iocj|J| =0. 
For this, we first note that if i < s and A e *B(55), then 

(12) u;\s{A) ^ ij{E{s,oo)AE{s,oo)) ^ uj\t{E{s,oo)AE{s,oo)) . 

Since nf is the zero map and E{s, oo) E Us^{S))U* , it follows that Ilf{E{s, oo)) — > cr-strongly as 
t — 0+. Now note that Ilf — {I -\- uj\tA)^^uj\t. Since the range of uj\\t is invariant under I -\-uj\tA, the 
same holds for the inverse. Hence, the range of uf is contained in the range of and the latter is 
contained in the range of w which is finite dimensional. Therefore, ||Hf'(i?(s, oo))|| — > as t — >■ 0+. 
The maps (j>t{A) :— uf {E{s,oo)AE{s,oo)) are completely positive for alH > and thus satisfy 

110,11 = - \\TlfiEis,^)IE{s,^))\\ = ||Hf (ii;(s,c^))||, 

so for every contraction A e *B(i^), we have 

(13) \\llf{E{s,^)AEis,^))\\ < ||Hf(ii;(s,c^))||. 

Putting together equations (IT2t and (IT3)) . we observe that ii t < s, then 
+ uj\t o A)~^ o tj\,\\ ^ sup Wil + ij\t o A)-^Lj\siA)\\ 

||A||<l,Ae<B(i5) 

sup \\{I + u;\toA)-^uj\t{E{s,^)AE{s,(X)))\\ 

||A||<l,AG<8(i5) 

sup \\uf{E{s,oo)AE{s,oo))\\ 

\\A\\<l,Ae<S{fj) 

= ||Hf (i;(.s,oo))|| ^ as i ^ 0, 
establishing equation (fTTj). Thus, for aU x e *B(.ft) and p £ *B(.ft)*, 

p{L o ojUx)) = limp([(/ + Lu\t.^A)-'uj\t,A] (ujUx))) = limp([/ - (/ + i^\t,A)-'] i^Ux))) 

(14) ^p{LjU{x))~\imp(^{I + Lu\t^A)-\uU{x))) ^p{uj\s{x)). 

Therefore, L fixes the range of u}\s for every s > 0. Let i? e 2l(io), so i? = (/ - A{I))^B{I - A(/))2 
for some B S Q3(io). Let p £ *B(.ft)*. By Proposition 12.91 we have \ims^o+^{p){E{s,oo)RE{s,oo)) ~ 
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ijj{p){R), hence linis_j.o+ p{ijj\s{R)) — p{ijj{R)). Since the range of w|t is contained in the range of lu for 
every t > and the latter is finite dimensional we actually have that 

(15) lim -0. 

Since L g £(Q3(^)), it is norm-continuous, hence equations dH]) and ((T5|) imply 

L{u{R))^ lim L{u}\s{R))= lim u;\,{R) = u{R) 

s^0+ s->-0+ 

for all R € ^(i^), thereby proving (ii). 

Since L fixes the range of w we have Range(L) 3 Range(ii). From the algebraic fact that w|t o A 
commutes with (/ + uj\t o A)^^ for all i > 0, we have x S 55(^), 

L{x) = cr-weak-lim(/ + w|i Ay^u)\t A{x) ^ a-weak-\imu}\t \A{I + uj\t ^Ay^{x)]. 

Therefore, every element of the range of L is the cr-weak limit of elements in the range of uj, which is 
a finite dimensional subspace of *8(^) and is thus ct- weakly closed. Therefore, Range(L) C Range(cij). 
We conclude Range(L) = Range(d;), proving (iii), whereby property (ii) implies that L fixes its range, 
hence = L. Note ||L|| < 1 since L S £(*B(.S)), so since L is idempotent we have ||L|j = or 
= 1. By assumption, w is not the zero map, hence {0} C Range(w) = Range(L), so ||i|| = 1, 
proving (iv). □ 

Let L be a boundary expectation for a g-weight w over and let 9\l = L{^{A)). Since L : 
53 (^) — >■ *B(^) is a completely positive and contractive idempotent, by the work of Choi-Effros [5] (see 
also section 6.1 of [6]), we recaU that 

(16) L{L{T)S) = L{L{T)L{S)) = L{TL{S)), VT, S € *B(j?). 

Furthermore, we have that Oi^ is a unital C*-algebra under its norm and involution as a subspace of 
*B(.S) but with multiplication ® given by 

(17) x®y = L{xy), \/x,y (^^l- 

If the range of L is cr- weakly closed (for example if it is finite-dimensional as in the previous theorem) , 
then it is the dual of a Banach space hence is a W*-algebra. We also note that its unit is L{I) 
(thus we remark that while CHl is unital, in general it does not share the unit with 58(.S)). 

Finally, we note that although a boundary expectation L need not be a conditional expectation in 
the traditional sense, it satisfies the following property by a direct application of ([T6|) : 

L{xTy) = x® L{T) ®y, VT € S(j?), Vx, y G 9^^. 

The following lemma will be useful for the study of g-corners between g-weights with range rank 
one. 

Lemma 3.3. LetSji andf)2 be orthogonal complementary subspaces o/C". Suppose that L : M„(C) — ?> 
Mn (C) is a completely positive contractive idempotent map, which has block form 

'A B\ ^ fLn{A) Li2{Bf 
d) \L2i{C) L22{D)^ 

where Lij : ^{Sjj,Sji) — >• for i,j = 1,2. // dim (Range in) = dim(Range L22) — 1; then 

either L12 = or dim(Range L12) = 1. 

Proof. Suppose L12 ^ 0, and let Bq £ Range(Li2) be an element with ||i?o|| = 1- Notice that 

Bo = Li2{Bq). 

We will show that the element of 5Hl given by 

Bo\ ^ [0 £i2(So)\ ^ (0 Bo 
00) [0 J M^OO 

is a partial isometry such that u* ® u + u ® u* ~ L{I) — /<Rj^ and u ® u* is a minimal projection in 
the W*-algebra EHl- Notice that ||u|| = 1 since the norm in is the same as the norm as a subspace 
of M„(C). We note that 

u®u* = L[[l M.fO ^\\=l(^^^*^ 0\_fLMBoB*,) 



L 



) \B^ 0) ) \ 0) \ 
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^B*a OJ \0 OJJ \0 B*oBoJ \0 L22(B*oBo) 
Since = 1, we have that \\Lii{BoB^)\\ = \\L22{B^Bo)\\ = 1. Let Ti = Lii{BqB^) and T2 = 
L22{BlBo), and note that these are positive operators since L is completely positive. Notice that since 
dim(Range(Lii)) — dim(Range(L22)) = 1, and for each z = 1, 2, e Range(Lii), hence it follows that 
there exists a linear functional pi on ^{S)i) such that Lii{A) = pi{A)Ti for all A e 58(-$5i). Since L is 
a completely positive contractive idempotent, so is La, hence pi is a state. Therefore, we have that 

{u®u*)®{u®u*) = l[(^^ tj)=L{^! t) = i^'^'^F' 

On the other hand, we have that ||m ® = 1, hence by taking norms on both sides and using the 
C*-norni identity, we obtain that pi{Ti) = 1 and u®u* is a projection. Hence tt is a partial isometry 
in d\L. 

Furthermore, observe that 

, _ rrn - r^ii(^^^i) ^12(0) \ _ (pi{h,)Ti \ _(T^Q 

- ^^'^ - 1, L2l(0) L22(/^jj - [ P2{Is,,)T2j T2 

= u* ® u + u ® u* . 

We prove that u ® u* is minimal. Indeed, if q is a projection in 5Hl such that q < u ® u* , then 

(u ® u*) ® q ® {u ® u*) ^ q. Now note that 

{u®u*)®q®{u®u*) = L{{u®u*)q{u®u*))^L(^(^^ o) (gal ^22) « 

r (TiqilTl 0\ , rri \ „ * 

= L\ Q Q I = pi(rigiiri)M® u . 

Since q < u® u* is a projection, this implies that either q = OoTq = u®u*. 

Since m is a partial isometry such that u* ® u + u® u* = Ij^^ and u® u* is a minimal projection, 
we obtain a system of matrix units {cij : i,j ^ 1,2) for by assigning ei2 — u and following the 
relations 

Hij ® Cm = Sjketi, Bij = e*i, en + €22 = Im^ 
for all i,j — 1,2. Therefore, we have that for every x G ^Kl, if we denote by Xij — eaXCjj, we have 
that X — j=i ■'^ij- N^ote however that Xijeji € eu^Leu- Since en is minimal, and 622 is Murray-von 
Neumann equivalent to en, we have that 622 is also minimal. Hence eadKLea = Ceu for i = 1,2. 
Therefore, there exists Xij € C such that 

•^ij^ji — XijCii r' X — X{j CjiBij — Xij CaCij — ^ij^ij 

Therefore, x = Tliij^ij^ij fo'" some \ij G C for i = 1,2. In particular, for every X G Af„(C), 
Li2{X) = Ai2ei2 for some A12 G C, hence Range(Li2) — span(ei2) and it is one-dimensional. □ 

We will find in Theorem 16.51 that in the special case when R — €? , Theorem 13.21 and Lemma 13.31 
can also be used to narrow down the possible range ranks of q-weights that are g-pure. 

4. CP-SEMIGROUPS AND g-PURITY 

Definition 4.1. We will say that a CP-flow a, or alternatively its g- weight map, is q-pure if its set of 
flow subordinates is totally ordered by subordination. 

We remark that a unital CP-flow is q-pure if and only if its minimal flow dilation is also g-pure by 
Theorem 3.5 and Lemma 4.50 of [TS]. We also note that a g-pure Eo-semigroup must have index or 
1. However, since automorphism groups are not CP-flows, therefore a g-pure Eo-semigroup cannot be 
of type Iq. 

Proposition 4.2. Let a be a unital CP-flow over K which is q-pure, and let & be its set of flow 
subordinates. Then & is a complete totally ordered set which is order isomorphic (hence homeomorphic 
in the order topology) to a compact subset of the unit interval. Furthermore, the order topology on & 
can also be described by the uniform convergence in the strong operator topology on compact sets. 
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Proof. Let a'* be the minimal flow dilation of a on the Hilbert space S). Then the set of subordinates 
of a is order isomorphic to the set of positive contractive flow cocycles of a'^. Notice that it is clear 
that if = (T/) is an increasing net of positive contractive flow cocycles of a'', then for each t > 0, 
the net converges in the strong topology to an operator Tt, and T — (Tt) must be a local positive 
contractive cocycle. The same argument applies for decreasing nets, hence £3 is a complete totally 
ordered set. Now let (e„ : n € N) be an orthonormal basis for S), and define the map : — [0, 1] by 



It is clear that is a well-defined injective order-preserving map. Since is complete, it follows that 
the range of must be compact. See also Theorem 12, page 242 of [4]. 

Finally, note that the map cj) is also continuous when is endowed with the convergence in the strong 
operator topology on compact sets. In this topology, which coincides with uniform cr- weak convergence 
on compact sets, the set is also compact, hence we obtain the desired homeomorphism. □ 

We remark that in general we do not know whether (3 is homeomorphic to an interval. For that 
to hold, it suffices to show that for every two subordinates /3 and 7 such that 13 1 < 7* for all t, there 
exists another subordinate a such that I3t < at < 'ft for alH > (see Theorem 14 of page 243 of g]). 

Of course the situation with E-subordinates of an Eo-semigroup is somewhat simpler, in that they 
form a complete lattice (see Theorem 4.9 of [13]; see also Theorem 4 of [11]). We do not know if the 
analogous result holds for CP-flow subordinates of a unital CP-flow. 

Concrete description of q-purity in the range rank one case. Let .ft be a separable Hilbert 
space and define = .ft® L^(0,oo). If ui : *B(j?)* — > 2t(io)» is a g-weight map of range rank one (see 
Definition 12. 12|) . then there exists a positive boundary weight fi e 21(^3)* and a positive T e 58(.ft) such 
that 

(18) u;ip){A) ^ piTUA) 

for all p e *B(j?)» and A £ 2l(io). However not every boundary weight map of the form ([TS]) is a 
g- weight. 

Theorem 4.3. Suppose T is a positive operator in 58(.ft) of norm one and p € 2t(Jo), is positive and 
p{I — A(T)) < 1. Then the mapping uj{p) of%{^)^, into 21(^5), given by 

Lu{p){A) = p{T)piA) 

p G *B(.ft)* and for A e 2l(io) is a q-weight. The q-weight map uj is unital if and only if T — I and 
/i(/ — A(T)) = 1. Conversely every q-weight of range rank one is of the above form, and its generalized 
boundary representation tt"* is given by 

--"(-^)- i+111!t)) yt>o,yAem). 

Proof. Suppose w is a boundary weight map of the form (|18p. where p G 2l(jo)* is positive and 
T G *8(.ft) is positive with norm one. We observe that 

Au\t{p)iA) ^ piT) ■ pUiAiA)) 

for all t > 0, A G ^B(.ft), and p e 03 (il),. Then we see that the inverse of the mapping 

A^A + pU{A{A))-T 

is given by 

A^A-{1+ p\t{A{T))) ''p\t{A{A)) ■ T. 
Then the generalized boundary representation is 

nfiA) = pU{A) . T - (1 + pUA{T))y'pU{T)pUiA) ■ T 

^{l + pU{A{T))y'pU{A)-T. 
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We see that the generalized boundary representation is completely positive for alH > 0. Now we need 
to check that the norm ■nf{I) is not greater than one. We have 

7rf(/) = (l + /i|,(A(r)))-Vk(/)-r 
and since T is of norm one we have 

||7rf(/)|| = (l + ^|,(A(r)))-V|t(/) 
for all t > 0. In order that this norm not exceed one we must have 

^iW-K{T))<l 

and since the above function of t is non increasing the above inequality holds for all t > if and only 
if 

/i(/-A(T)) < 1. 

Since A(r) < A(/) = A it follows that this inequality implies — A) < 1 so even if we did not assume 
/i e 2t(jo)* the conditions that w be a contractive (/-positive boundary weight map would force this on 
us. □ 

Theorem 4.4. Let M. be a separable Hilbert space, define — .ft(g)L^(0, oo) and let lo : *B(.ft)* ^ 2l(i3)* 
be a non-zero q-weight map of range rank one. Then for all A G [0, 1], the map Aw is a q-weight map 
subordinate to uj. Furthermore, uj is q-pure if and only if every q-subordinate of uj has the form Aw for 
some A G [0, 1] . 

Proof. Let A G [0, 1] be given. Let us show that if w is a g-weight of range rank one then Aw is a 
(/-subordinate of w. Let /i G be positive and T G positive with norm one be given by the 

previous theorem so that w satisfies (jlSp . Then by the previous theorem Aw is a (/-weight map of range 
rank one. Let tt"^ and cj)'^ be the generalized boundary representations of w and Aw, respectively. Then 
we have that for alH > and A G ^(i^), 

^f(A) = (l + A.|,(A(T)))-V|t(A)-T, 

(bfiA) = {l + X^,U{A{T)))-'Xf,UiA)■T. 

Since for 6 > the function h{x) = x/{l + bx) is an increasing function of x it follows that irf > cf>f 
for all i > 0. Thus we have that Aw <g w. 

Now suppose that w is non-zero and g-pure and 77 is a non-zero g-subordinate of w. Let w and ij be 
the dualized (/-weight maps corresponding to 77 and w, respectively. 

Observe that if wi <g ^2 are (/-weights, then 

(19) wi(/-A) < W2(/-A). 

Thus we have that that < 77(/ - A) < w(/ - A), and observe that w(/ - A) 7^ and 77(1 - A) 7^ 
since w and 77 are non-zero. Let 

||w(/-A)|| 

and notice that < A < 1. If A = 1, then by Proposition 12. 171 we have that 77 = w, as desired. So let 
us consider the case < A < 1. Let e > be small enough so that 0<A — e<A + £<l and 

(20) (A - e) ||w(/ - A)|| < 11^(7 - A)|| < (A + e) ||w(/ - A)||. 

Now observe that (A — e)uj <q (A + £)w. Furthermore we cannot have 77 <g (A — e)w or 77 >q (A + e)w, 
because by ()19|) either inequality implies 

^(i"- A) < (A-e)w(/- A), or 7/(/ - A) > (A -f £)w(/ - A), 

in which case we have that 

||^(/-A)|| <(A-£)||w(/-A)||, or ||7/(/-A)|| >(A + £)||w(/-A)||, 

contradicting (|20p . However, by assumption w is (/-pure, hence the set of (/-subordinates of w is totally 
ordered. Therefore we must have 

(21) (A - £)w <q 77 (A + e)w. 
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Now by Proposition 12. 171 this implies that for aU e > smaU enough, positive p £ and positive 

T e 21(55), 

(A - e)uj{p){T) < rjip)iT) < (A + e)^(p)(T). 

Thus we have that for all positive p e and positive T e 2t(io), rj{p){T) = Xuj{p){T) hence 

r] = Aw. □ 

We note that when w : *B(.S)* — 21(53)* is a q-weight map but with range rank not equal to 1, then 
the above description of g-purity does not hold, for instance Aw can fail to be a subordinate of w for 
all A € (0, 1) (see Section 4 of [14] or the beginning of Section 4 of [8]). Furthermore, if is a type II 
Powers weight such A i-^ v{{I — A)^/^A(/ — A)^/^) is a pure normal state and (j) '■ Mn{C) — )■ M„(C) is 
such that 00 (/(g) I/) defines a q- weight map, then w is g-pure if and only if every non-zero q-subordinate 
?7 of w has the form 

rj = 0(/ + t0)"^ o (/(g)i/) 
for some t > (see Definition 4.2 and Lemma 4.3 of (8)). 



5. The range rank one case 

In this section we will study Eo-semigroups arising from g-weights with range rank one and their 
subordinates. Before we begin, however, we need to analyze the subordination structure of boundary 
weights. 

5.1. Boundary v^reights and their subordinates. Let be a separable Hilbert space and let = 
.ft® L^(0, oo), the space of .ft- valued Lebesgue measurable functions defined on (0, oo). We have found 
the following description of the boundary weights acting on 21(5^) to be useful. Let q : (0, oo) — > M) be 
given by q{x) = 1 — e~^, and let j^g = M.(E) L^{0, oo; q{x)dx) be the linear space of Lebesgue measurable 
.ft- valued functions which are square integrable with respect to the measure (1 — e~^)dx. Notice that 
the operator Mq of multiplication by q{x) is bounded on S^q. We define a sesquilinear form (•, •) on 
Sjq X MqSjq Bs follows: given f & Sjq and g S Mq^q, then 

/"OO 

{f,9) = / f{x)g{x)dx. 
Jo 

Now observe that if A e 21(5^), and g G S)q, then we have that Ag is well-defined in a natural way and 
furthermore Ag G MqSjq. Now if w G 2l(i3), we have the functional p{A) = w((/- A)i/2A(/- A)^/^) for 
A G 'S{Sj) is normal so there are two orthonormal sets of vectors {fi, gi,i — 1,2, ■■ ■} and a sequence 
of positive real numbers {Xi)l^i (r = oo is allowed) such that 

r r 

^Ai<oo and p{A) =^ Xi{fi, Agi) 
1=1 1=1 

1 1 

for A G ^{Sj). We can then think of the functions hi — {I — A) 2 and fc^ = (/ — A) 2 gi as two sets 
of orthonormal vectors in ^q (with respect to the inner product of f)q and not the sesquilinear form) 
and in terms of these vectors we have 

r 

uj{A) = ^ Ai {hi,Aki) 

i=l 

for A G 2l(.ft). Note if w is positive then we can arrange it so fi — gi or hi = ki. 
We now define a useful ordering on positive boundary weights. 

Definition 5.1. Suppose w and 77 are positive boundary weights on 21(55). We say w g-dominates r/ 
or 77 is a g-subordinate of w, written w >g 77 if for all t > we have 

w|,(A) ^ ^\,{A) 
l+w|t(A) - l + 77|t(A) 

for all positive A G S(i3). 
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Let u! S 2l(jo)* be a positive boundary weight. If A G ^{S}) is positive and — > cx) as i — > 0+, 
we will write uj{A) — oo. This notation will be useful when dealing with unbounded boundary weights 
which are unbounded linear functionals (i.e. = oo) or weights for which uj\t{A{E)) — oo as 

t — > 0+ for a projection E. 

One checks that ii uj >q t] and t] >q fj, then uj >q /i. Also we see that the g-ordering is stronger than 
the normal ordering in that ii ui >q rj then uj > rj (i.e. toiA) > r]{A) for all positive A E 2l(i^)). Note 
that if is a positive boundary weight then uj >q Xuj for all A G [0, 1]. 

Definition 5.2 ([TJ). We say a positive boundary weight oj is q-pure if a; >q -q >q if and only if 
rj = Xu with A € [0, 1]. 

We should remark that in the special case when = C, a g-weight map oj over ^ is g-pure (Defini- 
tion if and only if cij(l) is g-pure as a boundary weight. 

Note the g-ordering is quite different from the normal ordering. For example the sum lo + rj of two 
positive weights can be g-pure. In Theorem 3.9 of |14j this order relation was characterized in the case 
where M. is one dimensional so Sj — L^{0, oo). It turns out the same characterization applies to when 
K is any separable Hilbert space. 

Theorem 5.3. Suppose lu and rj are positive boundary weights on 2t(jo). Suppose p G 2l(i3), is positive 
and u) > p and p{I) < oo (so p G f8(jo)*) and r] = A(l + p(A))~^(cj — p) with < A < 1. Then uj >q rj. 
Conversely suppose uj >q rj and rj ^ 0. Then there is a positive element p G *B(io)* and and a real 
number A G (0,1] so that rj = A(l + p(A))^^(uj — p). Furthermore, if uj(I) — oo then p and A are 
unique. It follows then that a positive boundary weight on 2t(jo) is q-pure if and only if every rank one 
positive functional p G *B(i3)* subordinate to uj (so if uj > p) is a multiple of uj. (Note in the case when 
uj(A) — oo this means there are no bounded positive functionals subordinate to p) 

Proof. Assume the first two sentences in the statement of the theorem are satisfied. Then we have 

V\t ^ - P\t 

1 + rj\t{A) A-i + A-V(A) + uj\t{A) - p|t(A) 

^ p\t ~ p\t 

- 1 + p{A) + uj\t{A) - p\t{A) - l + uj\t{A) 

- l+c^|t(A) 

Hence, we have 

uj\M) ^ v\t{A) 
l + a;|t(A) - l + r7|t(A) 

for alH > so w >q rj. 

Next assume uj and rj are as stated in the first sentence of the statement of the theorem and 
^ l^q V 0- Let 

h{t) = {l+7^\t{A))/{l+ujU{A)) 
for t > 0. Since uj >q rj we have for < i < s 

r?|t(A)-7yUA) ^ v\tiEit,s)A) 
l + v\tiA) l + riUiA) 

^ uj\t{E{t,s)A) ^ u;|t(A)-c^|,(A) 
- l+uj\t{A) l + uj\t{A) 

Multiplying by the common denominator we have 

v\t{A) ~ TjUA) ~ uj\t{A)r]UA) < ujU{A) - ujUA) - r,\t{A)ujUA). 
Rearranging this inequality gives 

?7|t(A) + uj\s{A) + r,\t{A)ujUA) < uj\t{A) + rjUA) + uj\t{A)7jUA), 
and adding one gives 

(1 + 77|t(A))(l + LoUA)) < (1 + Lo\tiA))il + r^UA)), 
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which yields h{t) < h{s). Hence, h is non decreasing and since h{t) < 1 for aU t > the h{t) has a 
hmit as t — >■ 0+. We denote this hmit by k so h{t) k as t ^ 0+. Since oj >q t] we have h{t)uj\t > r]\t 
for all < > so klo > rj. Now if k = then 77 = and tj is trivially a subordinate of uj. Since we 
are dealing with the case when ij we have k > 0. Let p = lu — k^^t). Since klu > 77 we have p is 
positive. Note rj = k{uj — p) and uj > p. Since h is non decreasing we have h[t) > k for all i > and, 
hence, 

1 + ^{uj\,{A)-pU{A)) ^ 

for all < > 0. Hence, p|t(A) < — 1 for alH > which yields p(A) < — 1. Since p < lj we have 
p{I — A) < uj{I — A) and since uj is boundary weight we have a;(/ — A) < 00 so p{I) = p{I — A) + p(A) < 
+ uj{I — A) — 1. Hence, p is bounded so p is a positive element of *8(i3)*. Since k < (1 + p{A))^^ 
we have k — A(l + p{A))~-^ with A G (0, 1] and f] = A(l + p{A))~^{u! — p). Hence, rj is of the form 
stated. 

Finally, we show that if uj{I) = 00 then A and p are unique. Suppose then that A, A' G (0, 1] and p 
and p' are positive elements of *B(i5)* so that ui > p and uj > p' and f] — A(l + p{A))^^{uj — p) and 
ry = A'(l + p'(A))-i(w - p'). Then we have 

(A(l + p(A))-i - A'(l + p'(A))-i V = A(l + P(A))- V - A'(l + p'(A))- V 

Note if the functional on the left is non-zero it is unbounded and the functional on the right is 
bounded so it follows both sides of the above equality are zero. Since a; 7^ we have A(l + p{A))^^ = 
A'(l + p'{A))^^ which when inserted in the right hand side of the above equality yields p = p' . Since 
p{A) — p'{A) the fact that the right hand side is zero yields A = A'. Hence, in the case at hand A and 
p are unique. 

We prove the last statement of the theorem. From what we have proved we see that uj is g-pure if 
and only if every positive p € iB(io)* with a; > p is a multiple of uj. Note every positive p £ *B(io), 
can be written as a possibly infinite sum of positive multiples of orthogonal pure states of *8(io) so 
for every positive p £ 58(io)* there is a pure state "d S (so = (/, A/) for A g 25(55) where 

f £ Sj is SL unit vector) and a number s > so that p > sv. It follows there are non zero positive 
p £ *B(i3)* with UJ > p a and only if there are non zero positive multiples of pure states £ *8(io)* so 
that UJ > s'd > 0. Then it follows that if a;(A) = 00 then uj is q-pure if and only if there for every pure 
state 1? £ Q3(ij), so that w > sz? > then s = and if uj{A) < 00 then uj is q-pure if and only if lj is 
pure in the ordinary sense of pure. □ 

In light of Theorem 15.31 the proof of Theorem 3.10 of [14] can easily be adapted to give another 
characterization of q-pure boundary weights. Suppose 

r 

L.(A)-^A,;(/„A/,) 

1=1 

for A £ 2l(io) where the {/,} are orthonormal in and the A^ are positive numbers whose sum is finite. 
Then w is g-pure if and only if either r = 1 or for every set of complex numbers c,; for 0<i<r + lso 
that 

r r 

< I Ci I ^ < 00 the vector Cifi ^ Sj. 

1=1 i=l 

In other words w is g-pure if and only if it is pure in the ordinary sense or there is no linear combination 
of the fi that lies in S). Now one easily sees the reason for the strange fact that the sum of two positive 
boundary weights can be g-pure. The boundary weight 

uj{A) = {f,Af) + {g,Ag) 

for A £ 2t(io) and f,g £ S}q fails to be g-pure if and only if z/ + g £ for some complex number 
z. With a little thought it is easy to construct lots of examples of functions in Sjq so that no linear 
combination of them is in . 
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5.2. g-purity. We proceed to characterize the g-weight maps of range rank one which are q-pure, now 
that we are appropriately equipped with a concrete definition of g-purity in this case. 

Theorem 5.4. Let K be a separable Hilbert space. Suppose u is a q-weight of range rank one over ^ so 
uj can be expressed in the form Lj{p){A) = p{T)ii{A) for p e *B(.S)» and A G where T is a positive 

operator of norm one and p is a positive element of^^{Sj)^ and fi{I — A{T)) < 1. Suppose Ti G *8(.ft) 
is a positive norm one operator and Ti < T . Let i]{p) — Xp{Ti)p{A) for p G *8(.R), for A > 0. Then rj 
is a q-weight map which is q-subordinate to lu (i.e., uj >q rf) if and only if X < (1 + /i(A(T — Ti)))^^ 
where if p{A{T — Ti)) ~ oo then lu >q rj only for A = 0. 

Proof. Assume uj and rj are as stated in the theorem. Let tt'^ and (p"^ be the generahzed boundary 
representations of lo and 77, respectively. Then we have 

^f(A) = (i + Ht(A(r)))-VM(^)-T 

and 

</># (A) = (1 + Xp\tiAiT^)))-'Xt,\t{A) ■ Ti 
for A G ^B(^) and t > 0. Since Ti is positive and ||ri|| = 1, there is a sequence of vector states p„ 
such that lim„_j.oo /9„(Ti) = 1, and since Ti < T < L wc also have lim„_s.oo p„(T) = 1. Therefore, to 
determine whether wf > (j)f need apply po to nf and (pf- The uj >q rj ii and only if 

(l + /i|,(A(T)))-i<A(l + A/i|*(A(Ti)))-i 

for alH > 0. Multiplying by the product of the denominators we find the above inequality is equivalent 
to 

X<{l + p\t{A{T~T,)))-' 
and since p\t{A{T — Ti) increases as t decreases this inequality is valid for all t if and only if A < 

(i + MA(r-ri)))-i. □ 

Corollary 5.5. Let A be a separable Hilbert .space. Suppose uj is a q-weight of range rank one over 
A so UJ can be expressed in the form uj{p)(A) — p{T)p,{A) for p G *B(.S)* and A G 2t(i^) where T is a 
positive operator of norm one and p is a positive element 0/ 21(f))* and p{L — A(T)) < 1. Suppose T 
is not a projection and let 



j sdF{s) 



be the spectral resolution ofT. Since T is not a projection for some Sq G (0, 1) we have F{[so, 1]) 7^ T. 
Let Ti = F([so, l])r and then let r]{p)iA) = Xp{Ti)fj.{A) for p G Q3(il), and A G 2t(io) where A > 0. 
Then rj is a q-weight with uj >q rj if and only if < X < 1/(1 + p{A{T — Ti))). There are always some 
positive X satisfying this inequality since 

/i(A(T - Ti)) < Kp{L - A(r)) < K 

where n = So/ (1 — So)- It follows that if the boundary weight uj is q-pure then T is a projection. 

Proof. Except for the estimate of /i(A(T — Ti)) the theorem follows immediately from Theorem 15.41 
All that remains is proving the estimate for /i(A(T — Ti)). Let k = So/(l — So). We prove A(T— Ti) < 
n[L-A{T)). 

We note all the operators in the inequality we want to prove are multiplication operators. For 
example for A G *8(.ft) we have {A{A)f ) — e^^Af{x) for x G [0, 00) and / G i^. It follow that our 
inequality is valid if and only if it is valid for all x. Let P = F{[0, So)) = / — F([so, 1]) so T — Ti < SqP 
and TiP = so TP < SoP. Also we have 

T ^ T{L - P) + TP < L - P + TP < L - P + SoP 



so 



Now we have 



{l-So)P<I-T 

A{T - Ti) < s„A(F) = k(1 - So)A{P) = ^{1 - So)e-^P 

< Ke-'^iL - T) = K(e-^ - e^^T) < k{L ~ e^^T) 
= ^{I-A{T)) 
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for all a; > 0. And so we have A{T - Ti) < k{I - A{T)) which yields 

/x(A(T - Ti)) < K^{I - A(T)) < K. 

If T is not a projection there is a Ti satisfying the conditions of the theorem so that Ti is not a multiple 
of T so w is not q-pure. □ 

Theorem 5.6. Let K be a separable Hilbert space. Suppose u> is a q-weight of range rank one so to 
can be expressed in the form Lj{p){A) = p{T)fj,{A) for p g *B(^)* and A € 2l(io) where T is a positive 
operator of norm one and fj, is a positive element o/2l(i5), and fi(I ~ A(r)) < 1. Suppose £ *B(^)), 
is positive and ^ > i? > 0. Let v{A) = X{p,{A) - and let ri{p){A) = p(T)i/{A) for p e «8(jl), and 

A g 21(f)). Then rj is a q-weight subordinate to uj if and only if < X < 1/(1 + i^(A(r))). Conversely, 
if we maintain the assumptions made on T and p and we have rj{p) — p{T)v{A) for p G *8(.R), and 
^ "n 0; ^^671 there is a positive •& € *8(io), so that /i > "(5 > and a number A G [0, 1] so that 
V = A(l + 'd{A{T)))~^{p — d). Thus, if tu is q-pure then p is q-pure. 

Proof. Assume the hypothesis and notation of the theorem is satisfied. Then if tt"* and 0"*^ are the 
generalized boundary representations of uj and rj, respectively we have 

7rf(A) = (l + /i|,(A(T)))-Vk(A)-T 

and 

0f(A) = (l + H*(A(T)))-V|,(yl).T 
for t > 0. Hence, a; >g 77 if and only if 

(22) (1 + Ht(A(T)))-ij.|, < (1 _^ ^|^(A(T)))-V|* 

for all t > 0. If we replace A(T) by A(/) we have the above conditions says p >q v. The analysis of 
the above order relations is almost identical to the analysis in Theorem 15.31 so rather than repeat that 
argument we leave it to the reader to check the conclusions are the same if one replaces A with A(T). 
One important point to remember is that p satisfies the condition p{l — A(T)) < 1. All we need is 
to assume p{I — A(r)) < 00. We mention this because without this assumption the proof fails since 
p{L ~ A(r)) can be infinite for a boundary weight p. (We have the condition p(I — A(r)) > p{I — A) 
for positive boundary weights so a bound on p{I — A) does not give us a bound on p{I — A(T)).) With 
this said the conclusion of the theorem follows. Note that for this new ordering given above a positive 
boundary weight satisfying p(L — A(T)) < cxd is pure with respect to this new ordering if and only if 
p is q-pure. So it follows that if lo is q-pure then p is q-pure. □ 

Now we have all the pieces to give necessary and sufficient conditions that a range rank one q-weight 
is q-pure. 

We will make use of the following notation. If A G *8(io) and t > 0, then we define the operator of 
*B(i3) given by 

A\t = E(t,oo)AE{t,co). 
We emphasize that in fact, for alH > 0, we have that A\t G 21 (io). 

Theorem 5.7. Let A be a separable Hilbert space. Suppose lu is a q-weight of range rank one over K 
so UJ can be expressed in the form ui{p)(A) = p(T)p{A) for p G 23(.S)* and A G 2l(io) where T is a 
positive operator of norm one and p is a positive element 0/21(^5)* and p{I — A(T)) < 1. Then uj is 
q-pure if and only if the following three conditions are met. 

(i) : T is a projection. 

(ii) : p is q-pure. 

(iii) : // rank(T) > 1 and e G Q3(.R) is a rank one projection with T > e then p{A{e)) ~ 00. 

Proof. Assume w is of the form given in the statement of the theorem and suppose that lo is q-pure. 
Then from Corollary 15.51 we know that T is a projection hence condition (i) is satisfied. And from 
Theorem 15.61 we know that p is q-pure, hence condition (ii) is satisfied. Suppose that rank(T) > 1 
however condition (iii") is not satisfied. Then there exists a rank one projection e G *B(.S) with T > e 
and p[A{e)) < 00. Let Ti^T-e. Then A(r - Ti) = A(e) and we have piA{T - Ti)) < 00. Thus by 
Theorem 15.41 there is a range rank one q-weight map rj with uj >q rj such that rj is not a multiple of uj. 
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Hence, uj is not q-pure. Since this contradicts our assumption, we conclude that if uj is q-pure, then it 
satisfies conditions (i), (ii) and (iii). 

Now we assume lj is of the form given above and three conditions given above are satisfied and 77 
is a g- weight map so that uj >q rj. The proof will be complete when we show 77 — \uj with A G [0, 1]. 
Let TT'^ and (j)'^ be the generalized boundary representations of a; and ry, respectively. Consider the 
mapping of *B(j?)* into itself given by {;i]j{p)){A) = p{TAT) for A £ *B(i?). Note ip is completely 
positive and -0^ = "0- We will show that ri{p) = rj{%lj{p)) for all p £ *B(.S)*. Assume p £ *B(.^) and 
A £ 2l(jo) and both p and A are positive. Since ui >q ij we have a; > 77 so uj{p){A) = p{T)p{A) > 
ri{p){A). Hence, we have for positive p £ *B(i?) if p{T) = then r]{p) = 0. We write = j?i ® with 
Ki — TK and K2 = {I — T)A. Now each X £ *B(.ft) can be uniquely expressed in matrix form 



X 



Xll X12 
X21 X22 



where Xij maps M4 into M.j for i,j = 1, 2. Let w : 2l(.^) — > *B(.S) denote the dualized q-weight map for 
UJ. For A £ ^{^)) we have that ui{A) can be expressed in matrix form as 

'p{A)I 0" 



u;{A) 











*B(.^) denote the dualized g- weight map for 77. Since uj > r), we have that uj > fj 



uj{A) 



p{A)I 




> 



Let 77 : 2l(^) 
hence 

"^(yl)ii 77(yl)i2 
ij{A)2i rj{A)22_ 

for positive A £ This show us that 77(^)22 = for positive A and since fj{A)22 — the 

only way that the above matrix can be positive is for both 77(^)12 = and 77(^)21 = 0. Hence, 
Tj{A)i2 = 77(^)21 — 77(^)22 = for all positive A £ 2l(io). Since every A £ 2l(.5) is the complex linear 
combination of four positive elements of 2l(.^) we have 



77(A) 



■^7(^)11 




VAea(i5). 



Since the mapping A — ^ TAT in matrix form sets all the Aij equal to zero except An it follows that 
Tj{p) = r){ilj{p)) for all p £ *B(j?),. 

^# M# |-,g (;]^g generalized boundary representations of uj and 77, respectively. Since 



Now let TTj and 



UJ >q rj we have 



'{p){A) ^ p{T){l + p\t{MT)))-'p\t{A) > 77((/ + A77|,)-V)(^l*) > 



for positive p £ *B(.^)h., positive A £ 2l(i3) and t > 0. Now let us replace p in the above inequality by 
7^ £ *8(J?), given by 79(A) = p{A) + r-i{p){A{A)\t) . Note for p > we have 1? > 0. With this replacement 
we have 

{p{T) + 7;(p)|,(A(T)))(l + M|.(A(r)))- V(A) > vipMA) 
for positive A £ 2l(^), positive p £ *B(.S)» and t > 0. Now assume further that p is a state and 
p{T) = 1. Then we have 

(1 + pU{A{T)))-^pU > (1 + v{pMA{T)))-^rj{p)U 

for alH > 0. But this is exactly the situation we had with inequality (|22l) in the previous theorem with 
V replaced by ri(p). Hence, we conclude r]{p) is of the form given in the previous theorem and since p 
is q-pure we have r]{p) = Xp for some A > 0. Hence, we have shown that 77(^0) — Xp for each positive 
p £ ?B(.S)* so that p{T) = p{I). Now for arbitrary positive p £ Q3(il), we have irj{p) — ir]{'4'[p)) and 
^{p) is positive and ip{p){T) — ^p{p){I) so 77(p) = A^ for aU positive p £ 5B(.^)*. Then by linearity we 
have 77(p) = Xp for all p £ *B(.S), where A depends linearly on p and, therefore, there is an operator 
C £ *8(.ft) so that ri{p) = p{C)p for all p £ *B(.S)». From the positivity of t] we see that C > so we 
can write C = XTi where A > and Ti is a positive operator of norm one. If A = then 77 = Ow = 
and the proof is complete so we assume A > 0. Now we have shown that r]{p) = rj{%lj{p)) for p £ *8(.ft)* 
from which it follows that Ti = TTiT and since T is a projection and Ti is of norm one we have 
T > Ti > {). If Ti is a multiple of T the proof is complete so we assume Ti is not a multiple of T. 
In this case rank(T) > 2 since in the rank one case Ti must be a multiple of T . Now we can apply 
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Theorem EH which tehs us that A < (1 + ^i{K{T - Ti)))-'^ so if A > we have ^i{k{T - Ti)) < oo. 
Since Ti is not a multiple of T we have T — Ti is a positive non zero operator so there is a rank one 
hermitian e € S(J?) so that ||T-Ti||e <T~Ti. Then we have \\T -Tl\\^x{^(e)) < ^i{A{T-Tl)) < oo 
so condition (iii) is violated. Assuming Ti was not a multiple of T has led to a contradiction so we 
conclude Ti = T and, therefore, 77 = Xuj. □ 

5.3. g-corners. Next we consider the problem of identifying the g-corners between range rank one 
(/-weight maps. The first step is the observation that in the type IIq case, all g-corners between range 
rank one g-weight maps must have range rank one in the natural sense. 

Theorem 5.8. Letuji,uj2 be q-weight maps of range rank one over finite-dimensional Hilbert spaces 
and ^2 respectively, whose associated normal spines are trivial. If ^ is a non-zero q- corner from 
(jJi to UJ2, then it has range rank one, i.e. there exist S € ^{^2,^1) md £ G 2l(i02,-^i)* such that 

(23) 7(m)(B) =£(B)m(5), VBe2l(i02,i0i),VA*e'B(J^2,i?i)*. 

Proof. Suppose that 7 is a g-corner from uji to 102 and let w be the g- weight map over ^\ © ^2 defined 

by 

Notice that u> has finite range rank, since .^1 ® ^2 is finite-dimensional. Let 11* be the generalized 
boundary representation associated to lo. Notice that since the normal spines of the generalized 
boundary representations associated to wi and u)2 are zero, it follows that by positivity the same must 
hold for the normal spine of nf". Thus by Theorem 13.21 there exists a boundary expectation for lo. 
Let us fix a boundary expectation L for w obtained as in statement of Theorem 13.21 namely as a 
cluster point of Ilf o A. Notice that in this case, for j = 1,2, Ljj is a boundary expectation for 
ujj. Since for each j — \,2, Uj is range rank one and Ljj is a boundary expectation for ujj, we have 
Range(Ljj) = Range(wj), it follows that dim(Range(Ljj)) = 1. Thus, by Lemma [3.31 we have that 
dim(Range(Li2)) — 1. 

Since L is a boundary expectation for w, we have that Range(-L) = Range(a;), therefore there exist 
I € 2l(i32,-$3i)* and S G <B(i^2,J?i) such that 

(A B\^( Lo,{A) mS\ ^ (pM)T, t{B)S \ 
"^{C d) \t{C)S* u:2{D)) \t{C)S* P2{D)T2 J 

Therefore, 7 is given by (|23p . i.e. it is range rank one. □ 

In the formal definition of a g-corner between two (/-weights uj and 77 we assume w and 77 are defined 
on different Hilbert spaces. In the following we find it is notationally more efficient to have the weights 
defined on the same Hilbert space. Naturally the weights need to live on orthogonal subspaces which 
we define as follows. 

Definition 5.9. Suppose rji and 772 are (/-weight maps defined on 2l(Jo) with fj = (g) L^(0, 00) 
for M. separable. We say 771 and 772 are completely orthogonal if there are orthogonal projections 
El, E2 e »(J^) so that, if we denote = p{E^AEj) for p e <B(i?)* and A £ S(J^), then 

m{p){A) = rjii^iiipMEi (g> I)A{Ei ® /)), 

m{p){A) = m{'^22{p)){{E2 ® I)A{E2 ® I)) 

for A e 2l(i3) and p e ^(J?)*. 

A map 7 : *B(.S)* — > 2l(i3)* is called an internal q-corner from 771 and 772 if for all p G 
A e 2t(jo), 

j{p){A) = jO^MpMEi ® I)A{E2 ® /)) 
and furthermore the map f8(.S)* — > 21 (io)* given by 

p 771 (p) + 7(p) + 7* (p) + V2 (p) 



defines a g- weight map. 
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Remark 5.10. We will make use of the following observation. Let Ei, E2 be orthogonal projection on 
K with El + E2 = I- Given a map (p : 21(^5) — > ^(M.) , let (jy^ : 21(55) — > *B(^ ^) be the map given by 

Then (j) is completely positive if an only if (jjf, is completely positive. We will often refer to the map 
(j)b as the matricial notation for the map (p, and we will abbreviate it by identifying (j) with (pb when 
invoking formula (|24|) . 

We note that this definition is compatible with the earher notion of g-corner. 

Proposition 5.11. Forj = l,2, Let be a Hilbert space, let Sjj = (g)L^(0, 00) and let K = Ki (B 
and S) =ioi0io2- For each j = 1,2, letujj be a q-weight map over M.j , let Ej be the canonical projection 
from A onto Aj, and let rjj be the q-weight map over A given by 

Then rji and 772 are completely orthogonal, and moreover there exists a q-corner a from ui to L02 if 
and only if there exists an internal q-corner 7 from rji to rj2, and we have that 

7(p)(A) = a(pi2)(Ai2), Vp e A e 21(55). 

Proof. Notice that for all i,j = 1,2, 

(25) = [ip^j {p)\ij , Aij = [{E, ® I)A{Ej , 

therefore 

77,(p)(A) = ujjipjj){Ajj) = vA^nipMEj ® I)A{Ej (g> /)) 

hence rji and 772 are completely orthogonal. 

Suppose that ct is a g-corner from wi to uj2. Let 

7(p)(A) = aip^j){A,), yp e 2S(i?),,VA e 2l(.5). 

Notice that by p5|). we have that 7 satisfies the equation 

7(p)(A) = 7(Vi2(p))((^i ® I)A{E2 ® /)), Vp e <B(j?)»,Vyl € ^{9)). 

Now note that if we define 77 : *8(ii), 21(55)* by r/(p) = 77i(p)+7(p)+7*(p)+??2(p), for ah p € *B(J?),, 
then 

r]{p)(A) = Wi(pii)(Aii) + Cr(pi2)(Ai2) + 0-*(p2l)(^2l) + '^2(P22)(^22) 

for all p £ *B(.S)* and A e 21(55). Therefore, it follows immediately from the definition of q-corner, 
that 7; is a g-weight map over .S. 

Conversely, suppose that 7 is an internal q-corner from 771 to 772. Let a : *B(.S2,-fti)* :~> 21(552 , 55i)* 
be the map given by 

ct(Pi2)(Ai2) -7(m)(^) 

for all p E ^{^)* and A E 2t(55). We show that cr is well-defined. First note that for every £ E 
*B(.S2,-^i)* there exists p E S(.S), such that £ — pi2 and for every X E 2l(.52,-^i)* there exists 
A E 2t(55) such that X — Aij. Furthermore, since 7 is an internal q-corner, for any other representatives 
p' and A' such that £ — p'^^ and X — A'^j , we have that 

V'i2(m) = i'Mp'), {El (g) I)A{E2 ®I) = {El ® I)A'{E2 (8) /) 

ll6nC6 

^{p'){A') = j{p){A), 

thus a is well-defined. 

Now note that if we define once again 77 : *S(.S)* — )• 2l(.5)* by ?7(p) = 771 (p) -t- 7(p) -f 7*(p) -f 772(p), 
for all p E *B(.S)*, then we obtain once more 

?7(p)(A) = Wi(pii)(Aii) + a{pi2){Ai2) + Cr*(p2l)(^2l) + '^2(P22)(^22) 

or 

_ K(Pll) cr(pi2) 
" k(p2l) W2(P22)_ ■ 

Therefore, if 77 is a q-weight, then cr is a q-corner from lui to W2- D 
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The following lemma will be a useful tool in the remainder. 

Lemma 5.12. Let A be a Hilbert space, let a : *B(.S) M2(C) be a *-preserving linear map such that 
o'i2 7^ 0, let Pi,P2 G ^{M-) be two non-zero orthogonal projections and let Q G Q5(.ft) with norm one. 
Define (p : ^{Ji) ^ ^{A® A) given by 

aii(A)Pi ai2{A)Q' 
_<J2i{A)Q* a22{A)P2_ 

Then (j) is (completely) positive if and only if P1QP2 = Q, QQ* < Pi, Q*Q < P2, and a is (completely) 
positive. 



Proof. Suppose that 4> is positive. Since u ^ 0, there exists > such that C12 = cri2(^) 7^ 0. Notice 
that by positivity of (j) and the fact that Pj is a nonzero projection, we have that Cjj = ajj (A) > for 
j = 1, 2. By positivity of ^, we must have that for all x,y G ^{A), 

\ci2f\{Qx,y)f < cnC22{Piy,y){P2X,x) 

Thus wc have that kerP2 C kerQ and kerPi C kerQ*, hence P2Q* = Q* and PiQ = Pi, or P1QP2 = 
Q. Furthermore, 

QQ* = PiQQ*Pi < Pi\\Q*f = Pi 
and similarly Q*Q < P2. Now let Xn be a sequence of unit vectors in P2A such that ||(5x„|| — )■ 1, and 
let y„ = Qxn (without loss of generality they are nonzero vectors). Let C/„ be the rank one partial 
isometry such that C/„x„ = j/„/|ly„|| and [/„ is zero on {xn}'^- If G„ = C/„ ® C/*, then 

,1, (A\~r*rh(A\r _ I" crii(A)C/*C/„ ai2iA)\\yjUn 

^n{A) - G^cP[A)Gn - a22{A)Ur.U* 

Since Pi and P2 are orthogonal, it is clear that the range of tjjn is isomorphic to M2(C) and the map 

4 ^ [ '^ii(^) ^i2{A)\\yn\\ 
[<J2i{A)\\yJ a22{A) 

is (completely) positive if </> is (completely) positive. By taking limits, we obtain that a is (completely) 
positive. 

Conversely suppose that P1QP2 = Q, QQ* < Pi, Q*Q < P2, and a is (completely) positive. Then 

observe that 

aii(^)Pi ai2{A)Q' 
a2i{A)Q* a22{A)P2 



HA) 





Pi 0' 




' c7ii{A)I ai2{A)Q' 




Pi 0" 




P2 




(T2l{A)Q* a22{A)P2 




P2 



But 



and 



cTii{A)I ai2iA)Q' 

<T2l{A)Q* a22{A)P2 



aii(A)/ ai2{A)Q ' 
(T2liA)Q* (722 (A)Q*Q 



+ 





a22{A){P2 - Q*Q) 



(Tll{A)I 


CT12{A)Q ' 




I ■ 




an (A)/ ai2(A)/ 




J 0" 


CT2l{A)Q* 


(T22{A)Q*Q 




Q* 




a2i{A)I 0-22 (A)/ 




Q 



□ 

Lemma 5.13. Let A. be a finite- dimensional Hilbert space. Suppose lo and rj are completely orthogonal 
q-pure range rank one q-weight maps over A so uj{p) = p{Ti)fj, and ri{p) = p{T2)v for p G S(.ft)* and 
p. and V are q-weights so that p{I — A(Ti)) < 1 and v{L — A(T2)) < 1. Suppose that ^ is a non-zero 
range rank one internal comer from co to rj. Then there exist t £ 2l(i3)* and Q G ^{R) satisfying 

(26) IIQII = 1, QQ*<Ti and Q*Q < T2 

such that 7(p) = p{Q)t for all p e *B(i?)*. For t > let 

_ {i + p\t{A{n))y/^ (i + HKA(W/^ 

l + r|t(A(Q)) 

Then h{t) has a limit as t ^ 0+, and furthermore \h{t)\ is a non-increasing function of t which is 
bounded above. If k = limt^o+ 1^(^)1; then 1 < \h{t)\ < k for all t > and K'y is a ordinary internal 
comer from co to r]. 
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Conversely, given Q G *B(^) satisfying (pS)) . let 7 : !B(^)* — > 2t(io)* &e (7wen 6y j{p) — p{Q)t for 
p € and let h(t) be defined as above for t > 0. If there exists k> 1 such that \h{t)\ < k for all 

t > and K7 is an ordinary internal corner from uj to rj, then 7 is an internal q- corner from w to rj. 
If Lu and rj are unbounded then the internal corner K7 from uj to rj is trivially maximal in that Xk^ is 
not an internal corner from lu to rj for A > 1 . 

Proof. Suppose that 7 is a non-zero range rank one internal g-corner from w to so that the map 
= a;-|-7-|-7*-|-77isa q-weight map from *B(^), to 2t(-jo)*. We write Q in matrix form 



e 



Ll! 7 

7* fj ■ 

Since w and rj are range rank one, there exist Ti and T2 non-zero positive operators so that 
oj{p) = p{Ti)ji and rj{p) = p{T2)v for p e and p and v are q-weights so that p{I — A(Ti)) < 1 

and v{I — K{T2)) < 1. Since they are g-pure, by Theorem 15. 71 we have that Ti and T2 are projections. 
Furthermore, notice that if uj and rj are are completely orthogonal with respect to orthogonal projec- 
tions El and E2, then we automatically have that Tj < Ej for j = 1,2. Recall that without loss of 
generality, we may assume that Ei + E2 = I. 

Suppose that 7 has range rank one, i.e. there exists Q G *B(.S) with norm one and r e 2l(io)» such 



that 7(p) = p{Q)t for all p G *B(.^)*. Since it is an internal corner, we have that E1QE2 
by Remark l5.10[ Q is completely positive if and only if the map 



Q. Thus, 



■ p{A)Ti 
T*{A)Q* 



t{A)Q- 
v{A)T2 



EiQ{A)Ei EiQ{A)E2 
E2Q{A)Ei E2Q{A)E2_ 

from 21(^3) to ^{^® ^) is completely positive. It follows from Lemma [5.121 that Q satisfies 
we see any candidate for a range rank one q-corner must be of the form given in the statement of the 
lemma. 

Calculating the generalized boundary representation of Q we find 



. Thus 



nf(^) 



{l + p\t{k{Ti)))-^p\t{A)Ti (1 
{l + T*\t{K{Q*)))-^T*\t{A)Q* (1- 



-T|,(A(g)))-V|,(A)g- 

v\t{k{T2)))-^MA)T2 



To simplify notation we make the following definitions 

a(t) = l + /i|t(A(Ti)), 
6(t) = l + ;.|,(A(r2)), 
c(t) = l + r|i(A(Q)). 



Va{t)b{t) 
c{t) ■ 

By Lemma I5.12[ lif is completely positive if and only if 



A^ 



{l + p\mTi)))- 

T* 



,(A(g)))-V|,(A) 



(1 

[(1 + T%{A{Q*)))-^r*U{A) (1 + H.(A(r2)))-iHt(A)J 

is completely positive. Since taking the Schur product of this mapping with a matrix 

12 



\x\_ 
xy 



xy 

\y\' 



where xy preserves completely positivity, it follows that Hf is completely positive if and only if 



MA) 



p\M) \h{t)\T\M) 

[\h{t)\r*U{A) Ht(^) 

is completely positive for t > 0. Note in the above expression we can replace \h(t)\ by h{t) since 
multiplying the upper off diagonal entry by z and the lower off diagonal entry by z where |z| = 1 
preserves complete positivity. 

Returning to our proof we see that if 7 is an internal g-corner then ^pt is completely positive for 
every t > 0. We will now show that \h(t)\ is a non-increasing function of t and has a finite limit k > I 
as t ^ 0+. First we show h{t) is bounded. To accomplish this we need to find a positive element 
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A e 2t(i3) so that ^i{A) > 0, iy{A) > and t{A) ^ 0. Since t 7^ we have r|t^ 7^ for some to > 0. 
Hence there is an operator B e *B(^) with < 1 so that T{E{t,oo)BE{t,oo)) ^ 0. Since /i and 
ly are not zero there is a > so that n\ti{I) > and i/\ti{I) > 0. Let s — mm{to,ti) and let 
A = 3E{s, 00) + E{to,oo){zB + zB*)E{to, 00) where z € C and \z\ < 1. Then we have A e 2l(i5) and 
^(A) > 0, v{A) > and 

t{A) = 3t(£;(s, 00)) + 2Re{zT\t^{B)). 

Since T\t^{B) 7^ we can arrange it so t{A) 7^ with an appropriate choice of z with \z\ < 1. Since 
A > we have ipt{A) > for all i > and for < t < s we have ipt{A) is constant. Since the 
determinant of ipt is positive we have 

\hit)r{A)\' < ^l{AMA) 

for t e (0, s] and since t{A) 7^ we have h{t) is bounded for t E (0, s] and h is clearly bounded for 
t > s so h is bounded. 

Let A = Ti + Q + Q* + T2, which is a positive operator. For < t < s, we define Af(A) = 
E{t, s)A{A)E{t, s) and note that 

MA?(A))=/.|,(A(A))-mUA(A)). 

The same applies to i> and r. Then we have for < t < s the matrix 

a{t)~a{s) \hmc{t) - c{s))- 
\hmc{t)-c{s)) b{t)-b{s) 

is a positive matrix. Since the determinant is positive we have 

\h{t)\^\c{t)-c{s)\'<{a{t)-a{s)mt)^b{s)) 

for < t < s. Recalling the definition of h{t) we have 

(27) |1 - c{s)/c{t)\' < (1 - a{s)/a{tW " 

Now for x,y <E [0, 1] we have x — 2^/xy + y = {\/x — y/yY > 

which yields 

(1 - V^)^ = 1 - S^iy + a::y>l-a;-y + a;?;=(l- a::)(l - y). 
Using this inequality with x — a{s)/a{t) and y — b{s)/h{t) in inequality ([27|) we find 

(28) |l-.„/.W|=<(l-y|||,^ 

Note that a{t) > a(.s) and b{t) > &(s) so we have 

Since 1 — |z| < |1 — z| for z G C we have 

\c{s)\ ^ a{s)b{s) 
\c{t)\ - a{t)b{t) ■ 

Recalling the definition of h this inequality states \h{t)\ > \h{s)\ and we have \h{t)\ is non increasing 
and since \h{t)\ is bounded above we have \h{t)\ converges to its least upper bound k as t — 0+. 
Hence, we have shown that \h{t)\ — )■ k as t 0+ and \h{t)\ < k for all i > 0. Since h{t) — )■ 1 as i — t- 00 
we have k > 1. 

Now we show the function h{t) has a limit as t — ^ 0+. Since the absolute value of h has a limit and 
that limit is not zero to show h has a limit it is enough to show the reciprocal has a limit as t — > 0+. 
Let w{t) = (a(t)6(t))i/2 for t > 0. Muhiplying inequality ^ by |c(i)p we find 

\c{t)-c{s)\'<\c{t)\'{l-w{s)/w{t)r 

and expanding both sides and canceling terms we find 

~2Re{c{t)c{s)) + |c(s)p < \c{t)\'^w{s)/w{t){w{s)/w{t) - 2) 



\h{t)\T*U{At{Q*)) H*(A?(r2)) 
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and dividing both sides by w(t)'w{s) we find 

-2i?e(c(i)c(,s)) , |c(.)p 



Now 



w{t)w{s) 



\l/h{t)-l/his)\' 



w{t)'w{s] 



< 



w{s)\c{tr 2\c{tW 



+ 



|c(s)|2 2Re[c{t)c{s)) 



and combining this with the above inequahty we find 



i(;(i)u'(s) 

>IW)-i/M^)P 



w{t)^ w{s)^ w{t)'w{s) 
And in recahing that c{t)/w{t) ~ i/h{t) this inequahty becomes 

(1 - wis)/wm\i/his)\' - \i/him > \i/hit) - 

Since w{s) < w{t) and \h{t)\ — > k > 1 as i — > 0+ it foUows that the left hand side of the above 
inequahty tends to zero as s and t approach zero so it fohows that l/h{t) — \/h{s) tends to zero as s 
and t approach zero and since 1 < \h{t)\ < k it fohows that h{t) — ^ zk as i — >■ 0+ where \z\ = 1. 
We have the map 

^UA) \h{t)\T\M) 
[\h{t)\T*W MA) 

is a completely positive map from 2l(i3) into M2(C) for each t > and, therefore, since /z, v and r are 
boundary weights, the limiting map defined for all A e 2t(jo) by 

is completely positive. By Lemma 15.121 we have that K7 is an ordinary internal corner from lo to 77. 
Conversely, suppose k> 1 and K7 is a corner from a; to 77 and 

= |l + r|.(A(Q))| ^ ^ 

for all t > 0. Then, in particular, for all i > 0, the scalar 1 + T\t{K{Q)) is not zero. Therefore, if 
= a; + 7 + 7*+7], then its generalized boundary representation Ylf is well-defined and it is given by 



(1 + /i|t(A(Ti)))-V|t(v4)ri (1 + MK{Q)))-^MA)Q ' 
(1 + T%{K{Q*)))-^T%{A)Q* (1 + MK{T^))rMt{A)T^ 



MA) 



By an argument using Lemma 15.121 analogous to the one above, the map is completely positive if 
and only if the map 

MA) \h{t)\T\t{A)- 

\h{t)\T*\M) MA) 

is completely positive. But this follows immediately from the fact that K7 is an internal corner from 
Lo io 7] and \h{t)\ < n for all t > 0. Therefore 7 is an internal q-corner from w to rj. 

Finally, we show is a trivially maximal corner from w to 77 if w and tj are unbounded. Suppose 
A > 1 and Ak7 is a corner from uj to rj. From the inequality for k and the fact that /i|j(A(Ti)), 
i^|f(A(T'2)) and, thus, |T|t(A((5))| tend to infinity as t — > 0+ we have 

,. MHTi))MHT2)) ^ 2 
tro+ |r|,(A(Q))P 

Since Xkj is a corner we have A^K^|r|t(A((3))p < fj,\t{A{Ti))v\t{A{T2)) for t > and, therefore, 

M0+ |t|,(A(0))P 

This contradicts the previous limit inequality so K7 is a trivially maximal corner from to ry. □ 

The following generalizes Theorem 3.14 of 14 to q-pure range rank one g- weight maps, and it 
provides a useful criterion for the determining the existence of g-corners. 



26 



CHRISTOPHER JANKOWSKI, DANIEL MARKIEWICZ, AND ROBERT T. POWERS 



Theorem 5.14. Suppose uj and rj are completely orthogonal q-pure range rank one q-weight maps on 
a finite- dimensional Hilbert space ^ so uj{p){A) = p{Ti)fi{A) and r]{p)(A) ~ p{T2)i'{A) for p G *8(^), 
and A G 21(55) where Ti and T2 are non-zero projections and fi and v are q-pure q-weights on 21(53). 
Then there is a non zero range rank one q-corner 7 from uj to rj if and only if there is a unitary 
operator U G *B(^) and a z > so that UTiU* — Ti and /i and v can be expressed in the form 



/i(A) = )^(A,(/-A)-2A(/-A)- 



kei 



^(.gfe,(/-A)-2A(/-A)-2gfc) 

kei 



I and hk in the range of 



for A G 21(55) and gk — z{U ® I)fk + hk, with fk in the range of Ti 
(/ - A)5 (T2 (SI) for kei and 

^||(/-A)-Ufef <oo. 
kei 

Proof. Before we begin the proof we remark that in the sums for uj and rj we sum over the same index 
set /. Even though we sum over the same index set the sums for uj and 77 can have different numbers 
of non zero terms since some of the f s or g's can be zero. 

Assume the setup and notation of the theorem. Let us assume that gk — z{U®I)fk + hk, with z > 0, 
fk in the range of Ti igj /, hk in the range of (/ — A)^/^(T2 /) for each fc G / and the sum involving 
the h'l^s given above converges. Since the sum involving the /ij,s above converges and < A < / we 
have 



= ^||A2(/-A)-2/^,||2 <oo. 



kei 



Let r G 2t(5o), be the boundary weight given by 



and let 



r(A)=^(A,(/-A)-2A(/-A)- 
kei 

2z 



1 

'2gfc) 



1 + + r 



We shall prove that the map 7 : S(^)* 21(53)* given by 

7(p)(A) \p{T,U*)r{A) 

is an internal g-corner from uj to 77. To that end, we will use Lemma 15.131 Notice that the operator 
Q = TiU* satisfies (|26p . Furthermore, 7 is an ordinary internal corner from uj to 77. Indeed, since 
< A < 1, it suffices to prove that 

^ ji + tMMTiW^' (i + Ht(A(r2)))V2 

^' l + r|i(A(TiC/*)) 

is well-defined, satisfies \h{t)\ < for alH > and A^^7 is an ordinary internal corner from uj to 77. 



e(A) 



Let Q ~ UJ + X ^7 + A ^7* + r/, and notice that using the matricial identification from Remark 15.101 
we have that 

" fi{A)Ti t{A)TiU* 
t{A)UTi v{A)T2 

By Lemma I5.12[ Q is completely positive if and only if the map 

-jx{A) t{A) 
t{A) v{A) 



ij{A) 



is completely positive. But this follows immediately from observing that by the definition of p,, v and 
r, for ah B G «8(i3), if A = (1 - t^f^BiX ~ kfl"^, 



kei 



ifk,Bfk) ifk,Bgk) 
{9k,Bfk) {gk,Bgk) 
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hence i/j is a sum of completely positive maps. Finally, we shall prove that the function h{t) defined 
in Lemma [5.131 is well-defined, bounded, and sup \ h{t)\ < A^^. It suffices to show that 

(29) A2 (l + ^|,(A(ri))) (l + i.|t(A(T2))) < |l + Ar|t(A(Ti [/*))!' 
since by taking the limit as i — > 0+ we obtain 

(30) A2 (i + ^(A(ri))) (1 + i.(A(r2))) < |i + AT(A(ri [/*))!' 

This equation implies that 

0< A< |1 + At(A(Ti[/*))| 

hence h{t) is well-defined for all t > 0. Furthermore, also by equation (jSOj, we have that \h{t)\ < A^^, 
for all t > 0. We proved above that A^^7 is an ordinary internal corner, hence assuming that (1^^ 
holds then we have by Lemma 15.131 that 7 is an internal g-corner. 
Let us prove (1^ . By expanding it, we obtain 

X^l + ^l\t{A{T,)) + H.(A(r2)) + ^,U{A{Tl))l^U{m)) - \rU{A{T,u*m 

<l + 2XRe{T\t{A{TiU*))). 

To give this inequality a name so we can refer to it we will call this inequality the determinant inequality. 
We will need some notation. Let 

C{A) - 5](/fc, (/ - A)-^A{I - A)-hk) 

and 

d{A) - ^(/ifc, (/ - A)-5A(/ - A)-hk) 

for A e 2t(il). Then we have 

iy{A) = z^n{{U* I)A{U ^ I)) + zQ{{U* ® I)A) + zC{A{U ® I)) + d{A) 

and 

C{A)=z^l{A{U®I))+^{A) 

for A e 21 (io). Then we have 

v\t{A{T2)) = z^MA{Ti)) + zC|t(A(ri[/*)) + zC\t{A{UT^)) + d\t{A{T2)) 

and 

C\t{A{T,U*)) = z^i\t{A{T,)) + d\t{A{T^U*)). 
To simplify the determinant inequality let 

a = M|t(A(Ti)), 6 = C|t(A(ri(7*)) and c ^ d\t{A{T2)) . 

Then the determinant inequality becomes 

+ a){l + z^a + zh + zb + c) - \za + b\^) < 1 + 2X{az + Re{b)) 

and with a slight further simplification this becomes 

A2(1 + a + az'^ + zb + zb + c + ac — |5p) < l + 2X{az + Re{b)). 

Note that c ~ 'd\t{A{T2)) < ■d{A{T2)) = r so if we replace c by r the term on the left hand side of the 
above inequality does not decrease so if the above inequality is satisfied with c replaced by r it will be 
satisfied. Then to establish the determinant inequality it is sufficient to prove that 



(31) X^{l + a + az^ + 2zRe{b) + r + ar - \bf) < 1 + 2X{az + Re{b)). 
Since A = 2z(l + + r)^^ we have 

(32) X^{1 + z"^ + r) = 2Xz. 
Multiplying both sides of this equation by a we find 

(33) A^ (a + az^ + ar) = 2Xaz. 
Since \X{z — 6) — Ip > we have 

(34) X^{-z^ + 2zRe{b) - \b\'^) < -2Xz + 2XRe{b) + 1. 
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If we add equations (15^ and (1551) to inequality ([M)) we obtain inequality (I5T]) . Hence, 7 is a non-zero 
rank one internal g-corner from lo to 77. 

Now we give the proof in converse direction so we assume 7 is a non-zero range rank one q-corner 
from Lu to 77. From Lemma [5.131 we know 7 is of the form ^{p){A) = p{Q)t{A) for p E Q3(.S), and 
A e and IIQII = 1, QQ* < Ti and Q*Q < T2 and if 



h{t) 



{l + MA{T,)))kl + ,.\t{A{T2)))'2 



l + r|i(A(Q)) 

then there is a number k > 1 so that \h(t)\ < n for alH > and \h{t)\ k as t 
ordinary internal corner from co to rj. 

We will show there is a constant K and complex number x and so that 

(35) |x|V|t(A(Ti)) -I- ;^|t(A(T2)) - 2KRe{xT\t{A{Q))) < K 

By Remark l5.10l and Lemma [5.121 the map from 21(^5) into M2(C) given by 

'*'°^^'-[nT*{A) v{A) _ 
is completely positive. Now consider the family of matrices 

' l + M|t(A(Ti)) K + ^T\t{A{Q)) 



0-1- and K7 is an 



Mt 



Note that if < i < .s then 



= Vo(A?(Ti + g + Q* + r2)) 



M(Af(Ti)) ACT(Af(Q)) 
KT*{Kl{Q*)) v{Kl{T2))_ 

where Af (A) = E{t, s)K{A)E{t, s). Since V'o is completely positive and Q satisfies ([^S)) . it follows that 
Mt — Ms is a positive matrix. Since \h{t)\ < k for alH > we have 

(1 + A^|t(A(Ti)))(l + H*(A(T2))) <\n + K,r|,(A(Q))p. 

This tells us the determinant of Mt is less than or equal to zero so for each t > there is a unit vector 
v{t) so that Mtv{t) = \{t)v{t) and \{t) < 0. We will prove there is a unit vector v so that (w, Mj-y) < 
for all t > 0. 

Since the set of unit vectors in is compact in the norm topology there is at least one accumulation 
point of Wf as i — >■ 0-I-. Let v be such an accumulation point so for each e > there is a t € (0, e) with 

— util < e. We show {v,Mtv) < for aU t > 0. Suppose t > and £ > 0. Let ei = min(£, i£/||A/i||). 
Then there is an s S (0,£i) with \\v — Vs\\ < £1. We have 

{v,Mtv) = {v,Mtv) ~ {vs,MtVs) + {vs,MtVs) - (w.,M,t;,) + (vs,M,Vs). 

We have 

iv,Mtv) - {Vs,MtVs) = {{v-Vs), Mtv) + ivs,Mtiv - Vs)) 
<2||t;-t;,|i llMtIi < 2£i||Mt|| <e. 
Since Mf is non increasing and < s < t we have 

{v,,MtVs) - {Vs,MsVs) < 0. 

And we have 

ivs,MsVs) = A(s) < 0. 

Combining the previous four relation we find (v, Mtv) < e and since e is arbitrary we have {v, Mtv) < 
for all t. 

Notice that the non-zero vector v so that {v,Mtv) < for all t > cannot be a multiple of (1,0) 
or (0, 1) because in the first case we have {v,AItv) = 1-1- fi\t{A{Ti)) and the second case {v,Mtv) — 
1 + j/|t(A(T2)) and neither of these are less than or equal to zero. So the vector v must be a multiple of 
a vector of the form w — (x, —1) with x ^ 0. Then we have (w, Mtw) < which yields the promised 
inequality 

|x|V|t(A(Ti)) -f J^|t(A(Ti)) - 2Ki?e(xT|t(A(g))) < 2«:i?e(:r) - 1 - \x\^ = K 
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for alH > 0. 

The fact that ipo is completely positive on 2l(-$5) means the mapping 0(A) = -0o((/ — A) 2yl(/ — A) 2 ) 
is a completely positive map from 25 (i^) into *8(C ® C) and every such completely positive map is of 
the form 

</>(A)=^5,A5* 

where the 5*^ are linear maps from to C © C. Since every such map is specified by a pair of vectors 
fi , 9i G ^3 it follows that 



(36) 


M(A) = ^(/„(/- 
iei 




-^A{I- 


-A)- 




(37) 


KA) = ^(5.,(/- 


A)- 


-^A{I- 


A)- 


'^9i) 




iei 










(38) 


iei 


-A)- 


-^A{I- 


-A)- 


'^9i) 



for A G 2t(io). Furthermore, since w and 77 are completely orthogonal with respect to Ti and T2 and 7 
is an internal corner from uj to 77, by replacing fi by (Ti ® I)fi and replacing gi by (T2 (8) ^)5i, we still 
have that ([Ml), (EZ]) and dSH]) hold. 
Then from inequality psp we have 

(39) ® ^)/*) + (5*, iT2 ® I)gl) ~ 2Re{xfl {Q ® I)gl) < K 
iei 

i _i 1 _i 

where /* = A2 (/ - A) 2 Eit, 00) f., and g| = A2 (/ - A) 2 E{t, oo)gi for t > and i G /. We can write 

the above sum in the form 

J2 MTi ® I)f! - (Q ® /)g*f + {gl m - Q*Q) ® I]gl) < K 
iei 

From this it follows that i/|t(A(T2 - Q*Q)) < K for ah t > 0. Now if T2 =^ Q*(3 there is a rank 
one projection e G *B(.S) and a real number y > that ye < T2 — Q*Q from which it follows that 
z^|t(A(e)) < -ftr/y for all t > 0. But since 77 is q-pure it follows from Theorem 15.71 that zy(A(e)) ~ 00. 
Hence, we conclude that T2 = Q*Q. 

The sum (|39|) can also be written in the form 

(40) ® ^)/* - ® /)g*||' + |a:p(/*, [(Ti - QQ*) ® /]/*) < K 
iei 

From which we conclude /x|t(A(ri — QQ*)) < K\x\^^ for all t > 0. Since w is q-pure we conclude by 
repeating the argument above that Ti = QQ*. Hence, Q is a partial isometry from the Range(T2) 
to the Range(Ti). We construct number z and the unitary U as promised in the statement of the 
theorem. (Strictly speaking, we are assuming that dim^ < 00, hence the argument is straightforward, 
however we describe a proof which works even when dim .ft = 00 anticipating future considerations). 
Let z = \x\ and u — x/\x\ so x = zu. Since Q*Q — T2 and QQ* = Ti it follows that the ranges 
of Ti and T2 have the same dimension. If Ti is of finite rank then the Range(Ti)^ and Range(T2)-'" 
have the same dimension and if Ti is of infinite rank then since Ti and T2 are disjoint it follows 
that Range(Ti)-'" and Range(T2)-'" are both of infinite dimension. So Range(ri)-^ and Range(T2)''" 
have the same dimension. We define U as follows. We define U on Range(Ti) as UTi = uQ* , and 
since Range(Ti)-'- and Range(T2)"'^ have the same dimension we can define a partial isometry S from 
Range(/ - Ti) onto Range(/ - T2). Then we define U on Range(/ - Ti) as U{I - Ti) = S{I - Ti). 
Then we have U is unitary and UTiU* = T2 and we have from inequality (|40p that 

(41) Y ® ^)/^ - (^2 ® I)9T < K 

tei 

for all t > 0. This is the important estimate which will yield the estimate stated in the theorem when 
we use the normalization properties of /i and v. In subsequent calculation it is useful to have the 
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formulae 

x = zu, z=\x\, T2U = UTi=uQ* and uQ = TiU* = U*T2 
Now expressing inequality (I4ip inner product form we have 

(42) ^|a;p((/-A)-5iJ(t,cx))/„A(Ti)(/-A)-5i?(t,oo)/,) 

(43) 2-Re{x{I-K)-^E{t,^)f„K{Q){I-K)-hE{t,^)gi) 

(44) ^r^Eit, oo)5„ A(T2)(/ - Ay^Eit, 00)5,) < K 
We also have 

(45) ^l\t{I - A(ri)) = ^((/ - A)-5£;(i, c^)/„ (/ - A(ri))(/ - K)-^E{t, oo)/0 < 1 
and 

(46) uW - A(T2)) = ^((/ - A)-5i?(t, 00)5,, (/ - A(r2))(/ - A)-5i?(t, (^)5,) < 1 

We will need one more inequality. Notice that ii A = Ti + Q + Q* + T2, then B = {A® I) - K{A) is 
positive. Therefore, from the complete positivity of V'o, and using the fact that At(i3|j) = ^|((/— A(ri)), 
v{B\t) = v\t{I - A(r2)) and T{B\t) = T\t{{uU* (® I) ~ A(Q)), we have that 

fi\t{I - AiTi)) KT\t{uU* ® I - K{Q)) 
KT*\t{uU ® I - K{Q)) v\t{I-k{T2)) 

whence by considering the determinant we obtain 

\KT\t{uU* ®I- A(g))|2 < - A(Ti))z/|t(/ - A(ri)) < 1 • 1 = 1. 

This gives us the inequality 

(47) - 2Re{x{I - h)~^E{t, 00)/,, {uU* ®I- A{Q)){I - A)~^E{t, oo)g,) < 2\x\. 

Combining inequalities through (|T7)) . we obtain 

^|x|2((/ - K)-'2E(t, 00)/,, (/ - K)-'2E{t, (X))/,) 
iei 

- ^ 2Re(2;(/ - Ky^E{t, 00) f,, [uU* ® - Ar^E{t, oo)g^) 

+ ^((/ - A)-^E{t, oo)g„ (/ - A)-lE{t, ^)g,) <K + l + 2 



0<MB\t) 



_ iz + z 

And the three sums collapse into a simpler sum 

Y\\{I - A)-^^E{t,oo)h,f <K+{l + zf 

where hi — z{U ®I)fi~gi for i e I. Since the sum is independent of t we have hi e Range((/ — A)5) — 
Domain of (/ — A)^ 2 and 

Y,\\iI-A)-h,f<K+{l + zr. 

This completes the proof of the theorem. □ 

In the case when uj and rj have trivial normal spines, by Proposition 15.111 and Theorem 15. 8[ the 
only non-zero q-corners between them have to be range rank one. If they are unital, this leads to the 
following immediate corollary. 
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Corollary 5.15. For j = 1, 2, let ujj be a unital q-pure range rank one q-weight map over finite- 
dimensional with trivial normal spine, //dim^i ^ dini^2j then uji and lj2 induce E^-semigroups that 
are not cocycle conjugate. 

6. The range rank two case 

In this section we analyze range rank two q-weights. This means that lo is of the form 

^ip)iA) = p(ei)Mi(A) + p{e2)^i2{A) 

for p e Q3(^), and A G 21(^5). Typically we assume that ei and 62 are positive norm one operators of 
the following particular form. 

Proposition 6.1. Let R be a separable Hilbert space and let u : *B(.S)* — !■ *8(io)* be a unital q- 
weight map with range rank 2 and trivial normal spine. Then there exist positive /ii,/i2 G and 
ei, 62 € *B(.S) positive operators with norm one such that for all p e *B(.^)* and A g 21(^5), 

^{P){A) = p{ei)pi{A) + p{e2)^i2{A). 

Furthermore, given xi,X2 G R, we have that < xici + ^262 < I if and only if xi,X2 G [0, 1] . 

Proof. Since w has a trivial normal spine, by Theorem 13.21 there exists L : *8(J^) — > *B(.S) a boundary 
expectation for w. Since Range(L) — Range(tL'), we have that the Choi-EfFros algebra 91l is isomorphic 
to C©C. Furthermore, notice that the unit of IHi, is given by L{I). Let ei G D\l be a minimal central 
projection (with respect to the Choi-EfFros multiplication), and notice that ei 7^ and ei ^ L{I). Let 
62 = L{I) — 61, also a minimal projection. Then we have that for all X G Range(L), 

X = 61 ® X ® 61 + 62 ® X ® 62 = L{eiXei) + L{e2Xe2) = iyi{X)ei + V2{X)e2 

for some states vi, V2 on CHl since e\ and 62 are minimal projections in 9^1^. Thus, for all A G 2l(-$3), 

= I/i(w(yl))6i +Z/2(0J(A))62 

Now let //j — Vj o uj for j = 1, 2. Those are clearly positive boundary weights. 

The final part of the statement follows immediately from the observation that 61 and 62 are orthog- 
onal projections in the algebra IHi, such that 61 -I- 62 — = L{I) and L{I) = / since uj is unital. 
Indeed, w(/ — A) = / and L fixes the range of H). □ 

We recall the following notation. If yl G Q3(io) and i > 0, then we define the operator of *B(i5) 

A\t E{t,oo)AE{t,oo). 
We emphasize that in fact, for alH > 0, we have that A\t G 2t(io). 

Theorem 6.2. Let K be a separable Hilbert space. Suppose 61 and 62 are two positive operators in 
^(K) so that if Xi and X2 are real numbers then 

(48) < X161 -I-X262 < / ■^=^ a;i,a;2 G [0, 1]. 
Let UJ be a range rank two boundary weight map of the form 

(49) uj{p){A) - p{e,)pi{A) + p{e2)l^2{A) 

for p G *B(.S), and A G 2t(io) where pi and p2 o.i'^ positive boundary weights on 2t(io). Let hi and h2 
be functions 

(50) h,{t)= ^'^^^TM,, and h2{t)= ^^(^(^i)!*) 



l + M2(A(e2)|t) l + Aii(A(6i)|t) 

defined for t > Q. Let 

(51) Ki — sup(/ii(t) : t > 0) and K2 — sup(/i2(t) : t > 0) 

Then uj is a q-weight if and only if the following conditions are satisfied. The numbers ki and K2 are 
in the closed interval [0, 1] and the weights pi and p2 satisfy the weight inequalities 

(52) pi > K1P2 and p2 > i^2pi 

and the numbers x — pi{I — A(6i + 62)) and y — P2{I ~ A(6i -|- 62)) are in the set So consisting of a 
parallelogram in the {x,y) plane with opposite vertices (0,0) and (1, 1) and whose sides are parallel to 
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the lines x — Kiy and y — K2X. In the event that either ni = 1 or K2 = I then the set So consists of 
the line segment < x = y < 1. If both ki < 1 and K2 < I then set So consists of the points satisfying 
the inequalities 

< X — Kiy < 1 ^ '^1 cind < y — < 1 — K2- 
Furthermore, in the event fii and fi2 satisfy these conditions then the functions hi(t) and h2{t) are 
non increasing and hi{t) ki and h2{t) — )■ K2 as t 0+ and if either ki ~ 1 or K2 ^ 1 then fii — fi2 
so uj is a range rank one q-weight. 

Proof. Before we begin the proof we will establish some notation and basic facts that we will use 
through out the proof. Let 61,62 G S(^) be positive operators satisfying (l48t . let /xi and ^2 be 
positive boundary weights on 2t(jo) and suppose that a; is a boundary weight map of the form (j49p . 
Then w is a completely positive boundary weight map and its dualized boundary weight map cj is 
well-defined. Let X{t) for t > denote the matrix representing the restriction of w|tA to the invariant 
subspace of 03 (.ft) spanned by ei, 62: 

"/^l(A(6l)|t) 
.Ai2(A(6l)|t) 



(53) 



X{t) 



We denote the entries of X{t) by Xij{t) for i,i = 1, 2. 



Ml(A(62)|t) 
M2(A(62)|t) 

Sometimes in calculations we will write simply 



X or Xij instead of X(t) or Xij{t). When we do this we of course mean that all terms in the equation 
are to be evaluated at the same t. 

Notice that / + wji A is invertible if and only if it is injective. Indeed, t<j|tA is finite rank, therefore 
/ + ^ItA is a Fredholm operator of index zero. Therefore, if it is injective then it is automatically 
surjective therefore invertible. Let us describe a convenient necessary and sufficient condition for its 
injectivity. Since the range of Lu\t is an invariant subspace under / + cj|iA, the same must hold for 
(J + u}\tA)~^ whenever the inverse exists. Observe that if T : *8(.ft) — > *8(.ft) is any operator, then 
ker(7 + T) C Range(r), hence we have that / + w|tA is injective if and only if its restriction to the 
range of uj\t is injective. Thus / + w|f A is invertible if and only if dct(/ + X{t)) 7^ 0. 

Let us assume that det(/ + X{t)) 7^ for all t > 0. In this case, the generalized boundary 



representation for u can obtained by solving the equation (/ 
that 



# _ 



(A) 



where 



(54) 



1 

det{I + X{t)) 



-i^'\A)e2, 



■hX22{t) 
~X2lit) 



hX(t))^, 



from which we obtain 



-Xl2(t) 

^xn{t) 



MA) 
m\t{A) 



for all A G 25(^3). Furthermore, recall that uj is q-weight if and only if nf is a completely positive 
contraction for all t > 0. But observe that by equation (l48t . we will have that nf is positive if and only 
are positive linear functionals. However, if those linear functionals are positive. 



if both ^^^^ and it 



(2) 



then clearly ttj is completely positive since it is the sum of completely positive maps. Furthermore, 
when irf is positive, we have also by p8)) that irf is a contraction if and only if the map from *B(i3) 



to C® C given by ([54l) is a contraction. Thus, in order to simplify matters, we will abuse notation and 
denote also by nf the map from *8(io) to C ® C given by 



(55) 



{A) = 



i['\A) 
i?\A) 



In summary, we conclude that the true generalized boundary representation is a completely positive 
contraction if and only if the map nf given by (|55p is a positive contraction. For the remainder of 
the proof we will refer to nf given by (|55|) as if it were the true generalized boundary representation. 
Although this is not strictly true the conclusions we draw for it are still valid for the reasons we have 
given. 

Notice in terms of the Xij{t) the functions hi and /12 are 

Xl2it) X2l{t) 

and ^ '^^ — 



(56) 



hiit) = 



l+X22(t) 



h2{t) = 



l+Xll{t) 
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Our goal is to show that the conditions stated in the theorem are necessary and sufficient for cj to 
be a g- weight. 

For the forward direction of the proof of the theorem we assume that cj is a g-weight map, which is 
equivalent to assuming nf given above is a positive contraction for all t > 0. Notice that since a; is a 
g-weight and thus uj{p){I — A) < p{I) for all positive p E we have that 

u{I -A) = pi{I- A)ei + p2il - A)e2 < / 

hence by (|48|) . we have that pj{I — A) < 1 for j = 1,2, hence we find ourselves precisely in the 
framework described in the preamble of the current proof, and we have that det(/ + X{t)) ^ for all 
t > 0. 

The first problem we face is that we need to know the sign of the det(/ + X{t)). As we will see this 
determinant is never less than one. Recall that if v is any boundary weight, then for all A S we 
have that for all t > 1, i^|t(^) = and is normal, hence J^|t(v4.) as t — > oo. Therefore 

Xij{t) — > since as i — ?> oo so det(J + X(t)) approaches one in the limit. Hence, there is a number 
io > so that the determinant is greater than one half for t > to- Then for t > to 

7rf (A(ei)) > yields x n {t) + det{X {t j) > 0, 
7rf (A(e2)) > yields X22{t) + det{X {tj) > 0. 

Since 

det(/ + X{t)) = 1 + xii{t) + X22{t) + det(X(i)), 

we find 

det(/ + A:(t)) > l + max(a;ii(t),a;22(i)) > 1 

Hence, we have det(/+Ar(t)) > 1 for t > to. Since this estimate is independent of t and the determinant 
is continuous in t we have the determinant is greater than one for all t > 0. Having established this 
fact we will use it in subsequent computations without comment. 
Now making use of the fact that irf is a contraction we have 

Trf (A(ei +62)) < 1 

which yields 

(57) xi2 (0 < 1 + ^22 (t) and X21 (t) < I + xn {t) 

for t > Q. This then shows that hi{t) < 1 and h2{t) < 1 for all positive t and so we have ki < 1 and 
K2 < 1. 

The positivity of nf yields the inequalities 

(58) Pi\t> /''^\, P2\t^h^{t)p2\t 

1 + 2:22(0 

(59) t^2\t> /J'%, Pi\t = h2{t)f,,U 

1 + Xll(t) 

for t > 0. We claim hi and /12 are non increasing functions of t. Suppose < t < s. Applying the 
above inequalities to the positive elements A(ei)|t — A(ei)|s and A(e2)|t — A(e2)|s we find 

Xl2it) 
l+X22{t) 

Xl2{t) 
l+X22{t) 

X2l{t) 
1+Xii{t) 

X2l{t) 
l+Xii{t) 



Xll[t) 


- Xll{s) > 


Xl2{t) 


- 0:12(5) > 


X2l{t) 


- X2l{s) > 


X22{t) 


- X22{s) > 



{X2l{t) 


- X2l{s)) 


{X22{t) 


- X22{s)) 


{xii{t) 


- a;ii(s)) 


{Xl2{t) 


- a;i2(s)) 
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Multiplying by the denominators in the middle two inequalities we find 

Xl2it) + Xi2{t)x22{s) > Xi2is) + ^22 (t)a;i2 (s) 
X2l{t) + X2l{t)xil{s) > X2l{s) + Xll{t)x2l{s) 

which yields 

hi{t) > hi{s) and h2{t) > h2{s) 
for < i < s. Hence, hi and /12 are non increasing functions. Since hi{t) < 1 and h2{t) < 1 for all 
t > Q these functions have limits as i ^ 0+. Hence, we have 

hi{t) Ki < I and h2{t) — )■ K2 < 1 

From inequalities ([55]) and (15^ . we see that the inequalities ([5^ hold. 

Now we tackle the normalization conditions on the point in the xy-plane given by 

Xo ^ ^J.l{I - A{ei + 62)) and ?/o - A(ei + 62)). 

Since, irf is a completely positive contraction we have T^f{T) is a positive contraction for all i > 
where 7rf'(/) is given by 

■^^1(^1*)" 

We see -nf is a contraction if and only if the first and second entries of ^nf are contractions by pS)) . 
Beginning with the top entry we have 

(1 + X22{t))^ll{I\t) - Xl2{t)n2{I\t) < (1 + Xll{t)){l + X22{t)) - Xl2{t)x2l{t)) 

for t > 0. Now we have I\t = (/ — A(ei + e2))\t + A(ei + e2)\t and putting this in the above inequality 
we have 

((1 + 2:22)^1 - xi2H2){{I - A(ei + e2))|t)+(l + a;22)(a;ii + X12) - a;i2(a;2i + X22) 

< (1 + + 0:22) - a;i2a;2i 

Canceling terms we see this inequality is equivalent to 

((1 + X22{t))^il - Xl2{t)tJL2){{I - A(ei + e2))\t) < 1 + X22{t) " Xl2it) 

Now dividing by (1 + 0:22 (i)) we find 

(60) (/ii - hi{t)fi2)iil - A(ei + e2))|t) < 1 - hi{t) 

By symmetry we see the condition that the bottom term in nf be a contraction is 

(61) (m2 - h2it)fii)iil - A(ei + e2))|t) < 1 - /i2(t) 

Now we show that if hi{t) = 1 or h2{t) — 1 for some t > then fii = fi2. Suppose for example 
^2(^0) = 1 for to > 0. It follows that ^2 = 1 and, therefore, fi2 > fJ-i by (1521) . Since hi is non increasing 
we have hi{t) — 1 for all t £ (0,io]. Hence, by ((6T|) we have 

(M2-Aii)((/-A(ei+e2))|t)=0 

for all t g (0, to). But this means (^2 — Mi)(^ ^ + ^2)) = and therefore, < (^2 — Mi)(-f — A) < 
{lj,2 — ^ M^i + 62)) = 0. Hence, ^2 — /ii is a positive weight which gives zero when applied to 

I — A so ^2 ~ IJ-i — 0- In the case where fj-i — /i2 we have Xii{t) = X2i{t) and Xi2{t) = X22(t) and 
Trf (/) is 

for i > where ^ — — ^2- Then nf is a contraction if and only if 

A(ei+e2))|t) < 1 

for alH > and this is equivalent to ^{I — A(ei + 62)) < 1. Hence, we see that if h2{t) = 1 for some 
t > then /ii(/ — A(ei + 62)) and /i2(-^ ~ A(ei + 62)) satisfy the normalization condition given in the 
statement of the theorem. The same argument with the indices 1 and 2 interchanged shows that if 
hi{t) = 1 for some t > then fix — fi2 and the normalization conditions on fii and /i2 stated in the 
theorem are satisfied. 



-f(/) 



dct(I + X(t)) 



l+X22it) -Xi2{t) 
-X2l{t) 1+Xii{t) 



l + M(A(ei +62)1*) 
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Now that we have taken care of the case where either hi{t) — 1 or h2{t) = 1 for some i > we 
now assume that both hi{t) < 1 and h2{t) < 1 for aU t > 0. We will show that if ki = 1 then the 
normalization conditions of the theorem are satisfied. Suppose ki = 1. Then inequality (I60p becomes 

(/ii - fi2){{I - A(ei + e2))|0 + (1 - hi{t))^i2{{I - A(ei + ea))!*) < 1 - hi{t) 

Since — /i2 ^ and hi{t) < 1 for alH > we have 

/i2((/-A(ei+e2))|t) < 1 

for all t > and we conclude /i2(^ ~ A(ei + 62)) < 1. Then we conclude from the above inequalities 

that 

- ^12){{I ~ A(ei + e2))|t) < (1 - - Mil - A(ei + e2))|t)) 

Since the right hand side of the above inequality converges to zero as t ^ 0+ we conclude that 
< (/xi — ^2)((-^ — A(ei +62))) < so ^1 = ^2 and as we have seen this then leads to the conclusion that 
fxi and fi2 satisfy the normalization condition in the statement of the theorem. The same argument 
with the indices 1 and 2 interchanged shows that if K2 = 1 then fi2 = fJ-i and the normalization 
conditions are satisfied. 

Thus to complete the proof of the forward direction of the theorem, all that remains is the case 
where both ki < 1 and K2 < 1. We assume this to be the case. Then inequality (|60l) and ([5^ imply 
that for t > 0, 

0<{pi- ^^l^l2){{I - A(ei + 62))!*) < 1 - hi(t), 
from which we conclude that 

< (/^i - KiAi2)((/ - A(ei + 62))) < 1 - Ki. 
The same argument with the indices 1 and 2 interchanged shows 

Q<{^i2- Ii2fil){{l - A(ei + 62))) < 1 - K2. 

These inequalities show that — A(ei + 62))) and H2{{I — A(ei + 62))) lie in the parallelogram 

given in the statement of the theorem. Hence, we have shown if w is a q-weight of the form (|49|) then 
/ii and /i2 satisfy the conditions given in the statement of the theorem. 

Now we prove the backward direction of the theorem. Let us assume that uj is of the form (j49p and 
/ii and fi2 satisfy the conditions given in the statement of the theorem. Notice that we automatically 
have that fij{I — A) < fij{I — A(ei + 62)) < 1, since this is one of the coordinates of a point (a;, y) in 
the parallelogram So- Thus we find ourselves again in the framework discussed in the preamble of the 
current proof. 

First we note that \i k\ = \ or K2 = 1 then /ii = [i2- Indeed, suppose ki = 1. Then we have 
A*i — A*2 > and (/xi — /X2)(^ — A) < (/ii — /i2)(-^ — A(ei + 62)) =0 from which we conclude that ^1—^2- 
As we have seen from Theorem 14. 3[ if 

< - A(ei + 62)) - /i2(/ - A(ei + 62)) < 1 

then cj is a q-weight. The same argument with the indices 1 and 2 interchanged shows that if /t2 = 1 
then a; is a range rank one g- weight. 

Then to complete the proof of the theorem we may assume both ki < 1 and ^2 < 1. Let X{t) be 
the matrix given by ((53|) . Since 2:12 (i) < k;i(1 + X22it)) and X2i{t) < K2(1 + xii(t)) we have 

det(/ + X{t)) = (1 + Xll{t)){l + X22{t)) - Xl2{t)x2l{t) 

> (1 + Xn{t)){l + X22{t)){l - K1K2) > (1 - K1K2) 

so we can conclude the determinant is positive for alH > 0, hence the generalized boundary representa- 
tion of ui is well-defined as discussed in the preamble. From equation (j54l) we conclude the generalized 
boundary representation is completely positive if and only if 

(62) fii\t > hi(t)fj,2\t and fi2\t > h2{t)^i\t 

for all t > 0. The conditions on fii and /i2 are fii > K1/X2, fJ.2 ^ '*2Mi, hi{t) < ki < 1 and h2{t) < 
K2 < 1 and these conditions ensure that (|62|) holds. Hence, we conclude that the generalized boundary 
representation is completely positive. 
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We recall that the proof that hi{t) and h2{t) are non increasing functions of t we only needed that 
these functions were bounded by one and the positivity of irf. Since these conditions are satisfied we 
know that these functions are non increasing and, therefore, hi{t) — > ki and /i2(i) — ^ fv2 as i — > 0+. 
All that remains to show is that irf is contractive and for this we only need show the first and second 
components of nf (/) do not exceed one and as we have already calculated this condition will be met 
if and only if equations (pO]) and (IBTI) hold for all t > 0. Now by the assumptions on ni and fi2 and 
the fact that we are in the case ki < 1 and ^2 < 1 sll the terms above have limits and in the limit of 
t 0+ these inequalities become 

< (Ml - KiH2){{I - A(ei + ea))) < 1 - ki 

and 

< (/Lt2 - K2A«l)((/ - A(ei + 62))) < 1 - K2. 

We know these inequalities are satisfied because these inequalities are precisely the inequalities that 
describe the parallelogram So and by the conditions of the theorem the point x = — A(ei + 62)) 
and y = /X2(/ — A(ei + 62)) lies in So- At first it may seem that knowing the inequalities are satisfied 
in the limit will not be of much help until we recall we have other inequalities at our disposal. Since 
fxi > K1112 and /^2 > K2H1 we have 

(mi - KiM2)((/ - A(ei + 62) - (/ - A(ei + e2)))|t) > 
(M2 - K2Mi)(a - A(ei + 62) - (/ - A(ei + e2)))|t) > 

(mi - '«iM2)((/ - A(ei + 62))!*) > 

(M2 - K2Mi)(U - A(ei + e2))|t) > 
and let us not forget the inequalities 

hi{t) < Ki < 1 and h2{t) < K2 < 1 

for all t > 0. To deal with these equations we will need to simplify notation. To this end let x{t) — 
Mi((/ — A(ei + e2))|t) and t/(t) = /i2((^~ A(ei + e2))|t). Then a;(i) andy{t) are non increasing functions 
of t and the inequalities we have have shown to be true are 

(63) < x(0)-Kij/(0) < 1 - Ki 

(64) < y{0)-K2x{0) <l-K2 

(65) x(0) - Kiy{0) > x{t) - my{t) 

(66) y(0) - n2x{Q) > y{t) - K2x{t) 

(67) x(t) >Kiy{t) 

(68) y{t) >n2y{t) 

Now note that by equations (|63l) . (|55|) and (|57)) we have that 

< x{t) - Kiy{t) < 1 - Ki. 
Adding (ki — hi{t))y{t) to both sides and using the fact that y{t) < 1 for all t, we obtain 

(69) < x{t) - hi{t)y{t) <1- hi{t). 
By using (|64|) . (|66| and (|68|) in the analogous way, we obtain: 

< y{t) - h2it)x{t) <l-h2{t). 
These are precisely the desired inequalities. 

□ 

Theorem 6.3. Let K be a separable Hilhert space. Suppose ei and 62 are two positive operators in 
*B(j?) so that < xiCi + ^262 < I if and only if both xi and X2 lie in the closed interval [0, 1]. Let co 
be a q-weight map of the form 

= p{el)^ll{A) + p{e2)^i2{A) 
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for p G Q3(^), and A € 2l(^) where fii and 112 are positive boundary weights on 2l(io) satisfying the 
conditions given in Theorem \6.S\ which ensure uj is a q-weight map. If uj is q-pure then fii — p.2 so uj 
has range rank one. 

Proof. Assume the hypothesis of the theorem and suppose /xi 7^ /i2- Then the constants ki and K2 
defined in the previous theorem satisfy ki < 1 and K2 < 1. Let us consider the boundary weight maps 
given by 

r]{p) = p(ei){pi - Ki^i2) and y{p) = p{e2){p2 - K.2P.1) 

for p e *8(^)*. Let us show first that ry is a g-weight, as the proof for u is analogous. By Theorem 16.21 
pi — K1P2 is a positive boundary weight. Hence, by Theorem 14.31 since ei is a positive norm one 
operator, in order to obtain that rj is a g- weight map, it suffices to show that 

(Ail - Kip2){I - A{ei)) < 1. 

Using the notation for the matrix X{t) as in (|53|) . and denoting x{t) — — A(ei + e2))\t), y{t) — 

P2{{I — A(ei + e2))\t) we have that 

{pi - H1P2W - A(ei))|f) = (/ii - Kip2){{I ~ A(ei + 63) + A(e2))|t) 

= x(t) - Kiy{t) + Xi2{t) - KiX22{t) 
by (Uni) = X{t) - Kiy{t) + hi{t){l + X22{t)) - KlX22{t) 
by dniD < 1 ~ Ki + hi{t){l + X22{t)) - KiX22it) 

^ I ~ {ki - hi{t)){l + X22{t)) 

< 1 

Thus we have the desired inequality by taking the limit. By Theorem 14. 3[ the generalized boundary 
representation (^"^ for 77 is given by 

f:#(A^ ^ (A^I - Kip2){A\t) 

^* ^ ' l + xn{t)-^iX2i(t) ' 

Now let tt"* be the generalized boundary representation for uj. Then, by Theorem 12. 13[ r] <q oj ii and 
only if for alH > 0, wf — £,f is completely positive. Since ei and 62 satisfy (|48p . in order to prove that 
nf — is completely positive, it suffices to prove that 



(1) 



{pi - nip2)\t 



1 + Xll(t) - KlX2l{t) 

is positive (where 4^'' is defined in (|54p '). In other words, we need to check that 
((1 + xii - /tia;2i)(l + 0:22) - det(/ + X))pi\t 

+ (ki det(/ + X) - Xi2{l + Xii - KiX2l))p2\t > 0. 

With some simplification this yields 

a;2i(a;i2 - ki(1 + .T22))Aii|t + ('«i(l + xn + X22 + a;iia;22) - a;i2(l + Xii))p2\t > 0. 
Dividing by (1 + a;22)(l + ^ii) we find this is equivalent to 

h2{t){hi{t) - Ki)pi\t + {ki - hi{t))p2\t > 0. 

And this inequality can be written in the form 

iKl-hi{t)){p2-h2it)pi)\t>0. 

Now notice that this inequality holds because Hj > hj{t) for j = 1,2 and p2 > K2P1 by (|51|) and 
(j52p . Therefore rj <q uj, and by an analogous argument with indices 1 and 2 exchanged we have that 
V <q UJ. It is immediately apparent that neither rj >q v nor v >q rj so the subordinates of 77 are not 
well ordered. Hence, uj is not g-pure. □ 
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We remark that we do not know that all range rank two g-weights have the form assumed in 
the theorem, namely in terms of positive weights /ii,/i2 and positive operators 61,62 such that < 
a;i6i + a:;262 < if and only if xi,X2 G [0, 1] . However, at least in the interesting case when the weight 
is unital and has trivial normal spine, in other words it gives rise to an Eo-semigroup of type IIq, this 
is guaranteed by Proposition 16. II Thus we immediately have the following result as an application of 
Theorem ESI 

Corollary 6.4. Let lo he a unital q-weight map over a separable Hilbert space A with range rank two. 
If its induced EQ-semigroup has type IIq then it is not q-pure. 

Theorem 6.5. If cu is a q-weight map over with trivial normal spine, then oj has range rank 1, 2, 
or 4. Furthermore, if uj is unital and q-pure, then it has range rank 1 or 4- 

Proof. Suppose that dimRange(w) > 2, and let L be a boundary expectation for w, so dimRange(L) = 
dimRange(w) > 2 by Theorem 13. 21 Recall that the range D\l of L is a C*-algebra under the norm and 
involution inherited from M2(C) but with Choi-Effros multiplication given by PT|) . Let *8 be the C*- 
subalgebra of Af2(C) generated by the range of L in the usual sense. Linearity of L and the definition 
of the multiplication operation in (|17p imply that the restriction of L to is a *-homomorphism onto 

Since dimRange(L) > 2 and no C*-subalgebra of M2(C) has dimension 3, it follows that S = 
M2(C), hence i is a *-homomorphism from M2(C) onto IHl. Notice that M2(C) is simple, hence D\l is 
either {0} or M2(C). Since ui is not the zero map, we have 91l = M2(C). Therefore, if w is a g-weight 
map over whose normal spine is zero, then uj has range rank 1, 2, or 4. To finish the proof, we 
note that by Corollarv l6.4[ there is no q-pure unital g- weight map with range rank 2 over that has 
trivial normal spine. □ 
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